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Every Banach space is a quotient of some ℓ1(Γ)

▶ How?

▶ In how many ways?

▶ In how many different ways?

▶ Projective spaces

Banach p-Banach Quasi-Banach
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Every Banach space is a quotient of some ℓ1(Γ)

▶ How?

▶ In how many ways?

▶ In how many different ways?

▶ Projective spaces

Banach p-Banach Quasi-Banach

ℓ1(Γ) ℓp(Γ) −−−−−−−−−
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Every complemented subspace of ℓp(Γ)
is isomorphic to some ℓp(Γ

′)

0 < p < ∞
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Every complemented subspace of ℓp(Γ)
is isomorphic to some ℓp(Γ

′)

▶ Everybody knows how to make the separable case.
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Every complemented subspace of ℓp(Γ)
is isomorphic to some ℓp(Γ

′)

▶ Everybody knows how to make the separable case.

▶ Köthe did the ℓ1(Γ) case.
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Every complemented subspace of ℓp(Γ)
is isomorphic to some ℓp(Γ

′)
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Every complemented subspace of ℓp(Γ)
is isomorphic to some ℓp(Γ

′)

▶ Everybody knows how to make the separable case.

▶ Köthe did the ℓ1(Γ) case.

▶ Ortyński did the p < 1 case.
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Every complemented subspace of ℓp(Γ)
is isomorphic to some ℓp(Γ

′)
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The book
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Decompositions

▶ Every subspace H of c0(Γ) has the form H = c0(Γ,Xα) with Xα ⊂ c0

Y. Moreno, A. Plichko, On automorphic Banach spaces, Israel J. Math.
169 (2009) 29–45.
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Decompositions
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Decompositions

▶ Every subspace H of c0(Γ) has the form H = c0(Γ,Xα) with Xα ⊂ c0

▶ Every subspace H of ℓp(Γ), p > 1 has the form H = ℓp(Γ,Xα) with
Xα ⊂ ℓp

Y. Moreno, A. Plichko, On automorphic Banach spaces, Israel J.
Math. 169 (2009) 29–45

+

W.B. Johnson, M. Zippin, Extension of operators from subspaces of
c0(Γ) into C (K ) spaces, Proc. Amer. Math. Soc. 107 (1989)
751–754.
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Decompositions

Jesús M. F. Castillo
New Perspectives in Banach spaces Castrourdiales 8-12 July 2024 Joint work with Félix Cabello and Yolanda Moreno 14

/ 24



Decompositions

▶ Every subspace H of c0(Γ) has the form H = c0(Γ,Xα) with Xα ⊂ c0

▶ Every subspace H of ℓp(Γ), p > 1 has the form H = ℓp(Γ,Xα) with
Xα ⊂ ℓp

▶ Not every subspace H of ℓp(Γ), p ≤ 1 has the form H = ℓp(Γ,Xα)
with Xα ⊂ ℓp.

Think about a quotient ℓ1(c) −→ ℓ∞

Jesús M. F. Castillo
New Perspectives in Banach spaces Castrourdiales 8-12 July 2024 Joint work with Félix Cabello and Yolanda Moreno 15

/ 24



Decompositions

▶ Every subspace H of c0(Γ) has the form H = c0(Γ,Xα) with Xα ⊂ c0

▶ Every subspace H of ℓp(Γ), p > 1 has the form H = ℓp(Γ,Xα) with
Xα ⊂ ℓp

▶ Not every subspace H of ℓp(Γ), p ≤ 1 has the form H = ℓp(Γ,Xα)
with Xα ⊂ ℓp.

▶ The kernel of the quotient map

ℓ1(m) −→ L1(2
m)

is not even isomorphic to a space of the form ℓp(Γ,Xα) with
Xα ⊂ ℓ1.
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How good (or bad) can a subspace of ℓ1(Γ) be?

Somehow this is the heart of Homology

Jesús M. F. Castillo
New Perspectives in Banach spaces Castrourdiales 8-12 July 2024 Joint work with Félix Cabello and Yolanda Moreno 17

/ 24



How good (or bad) can a subspace of ℓ1(Γ) be?

Somehow this is the heart of Homology

Think for instance about ℓ∞/c0

One knows everything there is to know

0 // c0 // ℓ∞ // ℓ∞/c0 // 0

or
0 // C0(N) // C (βN) // C (βN \ N) // 0
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How good (or bad) can a subspace of ℓ1(Γ) be?

Somehow this is the heart of Homology

Think for instance about ℓ∞/c0

One knows everything there is to know

0 // c0 // ℓ∞ // ℓ∞/c0 // 0

0 // C0(N) // C (βN) // C (βN \ N) // 0
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How good (or bad) can a subspace of ℓ1(Γ) be?

▶ Think about

0 // kerQ // ℓ1(m)
Q // X // 0

▶ Try to think categorically.

▶ Can we create a “functorial” kernel kerQ?

▶ Yes, we can, we will call it co1(X )
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How good (or bad) can a subspace of ℓ1(Γ) be?

▶ A Banach space X is said to have the Separable Complementation
Property (SCP) if every separable subspace is contained in a
separable subspace complemented in X .

▶ A Banach space X is said to have the Separable Extension Property
(SEP) if for every separable subspace E there is an operator T : X → X
with separable range and such that T |E = id .
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How good (or bad) can a subspace of ℓ1(Γ) be?

Theorem
A Banach space with dimension ℵ1 has the SEP if and only if it is a
complemented subspace of a space with SCP
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Everything you need is contained in two diagrams:

X0

��

// X

��

T0

~~

// Q1

X1
//

��

// P1

��

// Q1

E1 E1

X0

��

// X

��

// Q1

X1

>>

//

��

// P1

��

// Q1

E1 E1

P1 ≃ X1 ⊕ Q1 P1 ≃ X ⊕ E1

.

In other words, X0 ⊂ P1 is contained in a separable complemented
subspace X1 of P1, and X is also complemented in P1.
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How good (or bad) can a kernel be?

Theorem
If X has SCP

0 // kerQ // ℓ1(m)
Q // X // 0

then kerQ has SEP.
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