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Petczynski’s universal space

Theorem (Petczynski)

There is a separable Banach space X with unconditional basis which

contains complemented copies of every separable Banach space with
unconditional basis. This X is unique up to isomorphism.
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Petczynski’s universal space

Theorem (Pefczynski) l

There is a separable Banach space X with unconditional basis which
contains complemented copies of every separable Banach space with
unconditional basis. This X is unique up to isomorphism.

Remark |

Petczynski constructed a normalized unconditional basis (x,) such that
every such basis (yx) in a Banach space Y is (permutatively)
equivalent to a subbasis (xp, ) of (xp). In other words, this basis itself is
universal for all normalized unconditional bases.
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Petczynski’s universal space

Theorem (Petczynski) \

There is a separable Banach space X with unconditional basis which
contains complemented copies of every separable Banach space with
unconditional basis. This X is unique up to isomorphism.

Remark |

Petczynski constructed a normalized unconditional basis (x,) such that
every such basis (yx) in a Banach space Y is (permutatively)
equivalent to a subbasis (xp, ) of (xp). In other words, this basis itself is
universal for all normalized unconditional bases.

Question (Petczynski)

Do all normalized unconditional bases in X satisfy this universal
property?
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Petczynski’s universal space

Theorem (Petczynski) \

There is a separable Banach space X with unconditional basis which
contains complemented copies of every separable Banach space with
unconditional basis. This X is unique up to isomorphism.

Remark |

Petczynski constructed a normalized unconditional basis (x,) such that
every such basis (yx) in a Banach space Y is (permutatively)
equivalent to a subbasis (xp, ) of (xp). In other words, this basis itself is
universal for all normalized unconditional bases.

Question (Petczynski)

Do all normalized unconditional bases in X satisfy this universal
property? NO!
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the following:

A Banach space X with normalized unconditional basis (x,) satisfying

«40>» «F)>r «=) « > = Q>



So... what exactly do we want?

A Banach space X with normalized unconditional basis (x,) satisfying
the following:

(a) X is complementably universal, that is, X contains complemented
copies of every separable Banach space with unconditional basis.
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So... what exactly do we want?

A Banach space X with normalized unconditional basis (x,) satisfying
the following:

(a) X is complementably universal, that is, X contains complemented
copies of every separable Banach space with unconditional basis.

(b) (xn) is not universal, (e.g.) no subbasis (x5, ) is equivalent to the
canonical basis of /5.
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So... what exactly do we want?

A Banach space X with normalized unconditional basis (x,) satisfying
the following:

(a) X is complementably universal, that is, X contains complemented
copies of every separable Banach space with unconditional basis.

(b) (xn) is not universal, (e.g.) no subbasis (x5, ) is equivalent to the
canonical basis of /5.

(b’) If (xn,) is a subbasis, then [xp, | contains either ¢, or /4.
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Given a hereditary F C [N]<>

{finite subsets of N} covering N let

x|l = sup { > Ix(k)|: F e f} (x € RY),
keF



Combinatorial Banach spaces

Given a hereditary F C [N]<> = {finite subsets of N} covering N let

x|z = sup{Z|X(k)| . F e J-“} (x e RY),
keF
Xz = the completion of (coo, || ® ||7)
_ {x € RY || Pinocy(X)]| - 2222 o}.

The canonical basis (&) of ¢y is a 1-unconditional basis in Xr, and if
(en,) is a subbasis, then [ey,, ] contains either ¢, or /4.
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|||l 7 = sup { > Ix(k)|: Fe J-“}, Xr = {x €RY: || Plpocy ()] - — 0}
keF
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|||l 7 = sup { > Ix(k)|: Fe J-“}, Xr = {x €RY: || Plpocy ()] - — 0}
keF

F = {singletons} ~ Xr = co;
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Il = sup { S Ix(K)| FeF

keF

}, Xr = {x €RY: || Plpocy ()] - — 0}

F = {singletons} ~ Xr = ¢p; F = {all finite subsets of N} ~ Xr = 61.J




Il = sup { S Ix(K)| FeF

keF

}, Xr = {x €RY: || Plpocy ()] - — O}

F = {singletons} ~ Xr = ¢p; F = {all finite subsets of N} ~ Xr = ¢4 J

S={F CN:|F| <min(F)} ~ Xs = the Schreier space.
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|||l 7 = sup { > Ix(k)|: Fe ]-“}, Xr = {x €RY: || Plpocy ()] - — 0}
keF

F = {singletons} ~ Xr = cy; F = {all finite subsets of N} ~» Xr = ¢4 -

S ={F CN:|F| <min(F)} ~ Xs = the Schreier space. )

A={AC2<N: Ais afinite antichain} ~ X4 = the stopping time
space, it contains copies of all £, spaces.
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Examples

x| 7 = sup { Z Ix(K)|: F € }"}, Xr = {x € RY ¢ || Ppooy(¥)]|  — 0}

keF

F = {singletons} ~ Xr = ¢p; F = {all finite subsets of N} ~ Xr = 51-)

S={F CN:|F| <min(F)} ~ Xs = the Schreier space.

)

A ={AcC2<V: Ais afinite antichain} ~ X4 = the stopping time
space, it contains copies of all ¢, spaces.

C ={C c2<N: Cis afinite chain} ~ X = [dual functionals to the
basis of X4], it contains copies of all separable Banach spaces with
unconditional basis.
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Petczynski’'s space of the form Xp

We would like to find a hereditary P C [N]<* covering N such that Xp

contains complemented copies of every separable Banach space with
unconditional basis.
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Petczynski’'s space of the form Xp

We would like to find a hereditary P C [N]<* covering N such that Xp
contains complemented copies of every separable Banach space with
unconditional basis.

In two steps:

(i) Complemented copy in some Xz: For every separable Y with
unconditional basis there is an F such that X contains a
complemented copy of Y.
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Petczynski’'s space of the form Xp

We would like to find a hereditary P C [N]<* covering N such that Xp
contains complemented copies of every separable Banach space with
unconditional basis.

In two steps:

(i) Complemented copy in some Xz: For every separable Y with
unconditional basis there is an F such that X contains a
complemented copy of Y.

(i) A universal hereditary hypergraph: There is a hereditary
P C [N]<* covering N such that every such F is isomorphic to
Pil={PeP:PCIl}forsomelCN(and hence [e,: ne l|isa
complemented isometric copy of X in Xp).
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Complemented copy in some Xr

Given a Banach space Y with normalized 1-unconditional basis (yx),
there is an F such that X contains a complemented copy of Y:
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Complemented copy in some Xr

Given a Banach space Y with normalized 1-unconditional basis (yx),
there is an F such that X contains a complemented copy of Y:

@ Consider Y, Y* C RN along (y») and (y;).
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Complemented copy in some Xr

Given a Banach space Y with normalized 1-unconditional basis (yx),
there is an F such that X contains a complemented copy of Y:

@ Consider Y, Y* C RN along (y») and (y;).

@ Fix an interval partition N = {J, l such thate = 3°, 1 < 1.
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Complemented copy in some Xr

Given a Banach space Y with normalized 1-unconditional basis (yx),
there is an F such that X contains a complemented copy of Y:

@ Consider Y, Y* C RN along (y») and (y;).
@ Fix an interval partition N = {J, l such thate = 3°, 1 < 1.

e Define F = {FQN . F is finite and (‘Fﬂ‘) e B(Y*)},for

9 .
example, x, = A Zke,n ey isof norm 1.
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Complemented copy in some Xr

Given a Banach space Y with normalized 1-unconditional basis (yx),
there is an F such that X contains a complemented copy of Y:

@ Consider Y, Y* C RN along (y») and (y;).
@ Fix an interval partition N = {J, l such thate = 3°, 1 < 1.

e Define F = {FQN . F is finite and (‘Fﬂ‘) e B(Y*)},for

9 .
example, x, = A Zke,n ey isof norm 1.

- {(gnlﬁﬂ{”l) :Fe Fandep = i1} isan e < &’-netin B(Y*).
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Complemented copy in some Xr

Given a Banach space Y with normalized 1-unconditional basis (yx),
there is an F such that X contains a complemented copy of Y:

@ Consider Y, Y* C RN along (y») and (y;).
@ Fix an interval partition N = {J, l such thate = 3°, 1 < 1.

e Define F = {FQN . F is finite and (‘Fﬂ‘) e B(Y*)},for

9 .
example, x, = A Zke,n ey isof norm 1.

- {(gn%) :Fe Fandep = i1} isan e < &’-netin B(Y*).

o || X, a(mxnl - < llally < 1| 32, a(n)Xn|| - for every a € RY,

hence (x,) and (y,) are equivalent.
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Complemented copy in some Xr

Given a Banach space Y with normalized 1-unconditional basis (yx),
there is an F such that X contains a complemented copy of Y:

@ Consider Y, Y* C RN along (y») and (y;).
@ Fix an interval partition N = {J, l such thate = 3°, 1 < 1.

e Define F = {FQN . F is finite and (‘Fﬂ‘) e B(Y*)},for

9 .
example, x, = A Zke,n ey isof norm 1.

- {(gnlﬁﬂ{”l) :Fe Fandep = i1} isan e < &’-netin B(Y*).

o || X, a(mxnl - < llally < 1| 32, a(n)Xn|| - for every a € RY,
hence (x,) and (y,) are equivalent.

© T: Xz — [Xp], T(x)(K) = py ey, x() for k € Iy, is a projection.
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There is a hereditary P C [N]<> covering N such that every such F is
isomorphicto P[/={P e P: P C [} forsome /CN.



A universal hereditary hypergraph

There is a hereditary P C [N]<* covering N such that every such F is
isomorphicto P[/={P P : P C [} forsome /| CN.

We can construct a P satisfying the following extension property
(which implies that P is a universal hereditary hypergraph):

IF D C Nis finite, @ C P(D U {oc}) is hereditary and covers D U {0},
and QD ="P[D,

THEN there isan n ¢ D such that e : DU {occ} — D U {n}, identity on
D and e(c0) = n, is an isomorphism between Q and P [ (D U {n}).
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Barnabas Farkas (TU Wien)

Thank you!
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