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Let I X ,
ty)bea Bancackspaceand xE SX .

Recacs that Il ll is Grateanxdifferentiable at x if

liom kx t th
- 11 × U

exists for eveny hEX .

t-) o θ

If the above dimot exists uniforanly for ha Sx ,

then Il ' l is Foechet differentiable at x .

Smulyan lemma :

cis I ll is G - diffentiable at xE Sx wheneverfn.gu ε Sxtsatisfyfncx )- s I and

gney) s t , then fn- gn
wt
, o

.

Ciig IIllis F - differentiable at x ε Sy whenener fr.gu ε Sxtsatisfyfrst )- → I and

gacx)→I , then I fu- gull
s o

.



As oa consequence , we have :

ci ) I -llisG -differentcableat x εSy# I niquef ε SXt : fcx) = f o ine, x exposes BX*

at f ε SX* .

(f isot-exposed by x )

CiisIll is F-differentiable at xESX anique f ε Sxt : x stongly exposes BXt at fESXt .

( F7 f δs wt- strongly exposed by λ )
.

Let x ε Sx be given .
Consider D( + ) I x*ε

X
* :

×
* CX ) =x *11 = s 4 which is nonempty ,

convex and wt- compact .

Put τ Cx , h) = lam1
I× t th 1 - ↑× Il

t-→ ot ←

1 l × t th- 11 ×1

Note thaf t →
t is an inceasing functionoft andboundedbelow.



τ ( ×,h ) =+
11×+

뿐

I5 x
* ε DEx) , ive ,

×
* ( x ] = NX *1 = s , then

xtch) =
x
* t × t th ) - xxca)

≤

nxt t hll - 1

whick implies thatt ←

max s x* ch ) : x * ε Da× ) Y ≤ eaxin )
.

In fact , We can ob serne that mat I X* ch] : X
*
E Pl× ) S = coxih ) .

IThe idea iδ sto considerfo. span $ x . hy s Ik given by fo caxtbh ] = at b ecx , n ) .

check that fo is a well- defined binear form with norom one .

Exfend it to f : X , IR by Habn - Banach
.
Then f ε D (×) and fch) = ac ×, h ) . )

II is usually said that the norm on X is subdifferentiable .



If the equaliey
1 lxtthl l

cax , h ) =
liun

= Max [ XHChJ : XTE D ×3 Y
toot t

oldsunofornlyforhEBX,wesaythatIIll is strongly subdifferentiable at λ ε SX ,

Having in mind that the set E xtch) × *
ε
D ca)S turnstobea singletonwhenI lI is

Grteaarx differentiable at x , observe that

GGlteaurt differentiability t ssD L ) Frechet differeatiabildey .

( For this reason
,
ssD is called a Cnon- smooth extension ofFrochetdifferentiabilEty

"

.
)

Note that SsD is more general than F - differntiabilitysinceereay finite dimen sional normed space

is ssD . - LthankstoDini ' s theorem >



Recalh that

ci ) IllisG -differentcableat x εSX I unique f ε SX + : fcx ) = f
, ve,

x exposes BX*

at f ε SXt .

L48 is wt- exposed by x )

Cii ) Illis F -differentiableatx εS $
I
niquef ε Sxt: x strongly exposes BXt af fE SXt .

( F3 f is wt- strongly exposed by λ )
.

S
'

mulyan typelemoma for SSD [ Franchetti , Paya 6993 ) DEX] = L X* E SX* ; ×
* (←3 = I 3

_
II - IisSsDatxESX⇒ Dax) is serongly exposed by x ,

ive, wheneven cxne ) 드 BX

sarlisfies thaf Xnt ( x) s t
,
ther dist C Xnt, D ( x ) ) . o

.

Exrmples

Thesup - norm on Co is Ss 2
.

Fderired
set

o The sup - norm on lo δs ssD at X = can) s U×ll 4 I lant : Ital apalo
.

thecanonical norononls is ssD of xx isfaitelysupported.



From the examples,wecan seethatssD concept is really
.differentfrom Frechet differentiability .

To see some what ssD and Frechet have in common . .

IIl (t is Fo differentiable
I
X is reflexive

nkt is ssp→

:

⑥ X adonits F - diff morm

>

X is Aspland

X adanots SS D norm→
( Godefroy , 1993 )



From now on
, we dive into the Lapschita - free world

FCM)= span δ CM ) ≤ L :P. EM )
*

δ cx ) - Say3
Recall mx .y

: =

dc × , y )
for x t y in M δ s called an Celementary ] molecule .

Theorem [ Becerra , Lope z . Rneda Zoca , 2068 ) Let m be an infinite pointed metric space .

I5 n is aunboundedornot uniformlydiscrete ,thenthemormon acu ] is octakedral
.

> Notice that if IIll on X is oatahedral , then for any xE SX ,
크 (Fn ) , ( gn) ≤ BX*

suck that fncx) s t
, gasx ) a s and I fr - gu ll s 2

. Live
,

"

2- rough
"

)

of course , any x ε SX cannot be Frechet differentiable poiut .

to have a Frechet dofferentiable point in e(M] , theunderlyingM mustbeboundedand

uniforonly discrete .



Perhaps , the first result in this line :

Theorem ( Prochaaka , Rueda Zoca , 2018 ) tet n be bounded uniformly discrete.

Let Xi , , Xn ε MI Soy and λi , ,In εIktsuchthat ƩN . = s .

여

Put µ
= I . m ×0. 0. Then TFAE :

ci3 µ is a Frechet differentiable point in FCM )

(2) µ is a Grteant differentiable point in F (M )

(3)
θ
E ε M ,

there is i ε IN suck that dlxt , z ] t oll z , o ] = dlxi , 0 ) .

Cives M is the unioonof the segments [o , Xi 3 )

This result was extended by Aliaga and Rueda Zoca in 2020 .

The kay requlf δs a characterization of sum of convex serces o8 molecules via some geometric condition

called
"

cylicors monotonicity
"

.



Theorem [ Aliaga, RredaZoca,2020)heatn beboundeduniforouly discrete. .

Let M ε span δ ( M) be of morm one and write
µ
= 1 Ii mxingr for some dit yo in M

and Io ε fRt with , 이 o = I . Letfo SLapocm)suchthat < f , µ y
= s

.

Then TFAE :

cu3 M is a Frechet differentcable point in FEM )

(2) M is a Garteauy differentiable point in F (M )

(3) for every ' g Fk in En . , ns
,
there is S ir , . im4 ≤ α t .. ns that contains J and k

and srch that

dsxin ,yio 3 tdlxiz , ya] t . f doxim ,
yom ) = dlxi ,Yir ] tdlxia ,yis ) ← … t dsxim , y . )

and

for every E ε M ,
there are st t in E x , Y . , An . yns such that ε ε [sit ] and

f (t) - fcs) = dit , s ] .



114 t t hl - 1

Recall thoatif catih ) = lim = max [ XChI : ×
*
E D ×) Y

t-s ot t

holds uniformly for hE BX , we say
that II Il is strongly subdifferentiable at λ E SX .

Moreover
,

I - lisssDatxESXDCx )is stronglyexposedby x, ive. , whenever ( xn
* ) 드 BX*

soatisfiesthaftt ( x) s A
,
then dist C xnt, DC× ; ) a 0

.

Q] Can eim] be SSD ? C ivesthenormonFcM )isssp at eveny pont )

A) when M is infntte , then NO f By Cuth- Doucha - Wojtasz cagk [2017 ) ,FecM ]ontains

an complemented subspace which is isomorphic to hr .

Thus
. ECM] is ssDh y M is finite ,

To investagateSSIpomtsineCM3 , westartwithmolecales mxiy in F ( M) .



y
Recull the Gromor produat of x , y with respect to ε ( x . y ,

ZE M )

⑧

GZCxvy] = dlx , a ] tlla, y 3
- dlxuy 」 x

Z

Remark Gomou pwduct is a useful tool to study some extremal struotures of Ba (M)
.

( see Ivakno
,
Kadets

,
Werner [2007)

,
EGarcia- Linola , Prochaza , Rueda (20 18 )

,
and

Aliaga , Pernecka ( 2020 ) )

Let say Lx.y) has (G) if I n
= ncxy) 3 o suchthatGzcauy ) 2 Y

Z
E MIKx. yS.

why we considen [G 3 ?

Lemma cxy) has cG] < > a f ε SL=p . cm)
: fcmxy ) = t and

suphl fompq ) I : ( p . q ) F cxny) S < γ < 1

_



Proposition [ Cobollo .
Dantas

, Hajek , J. 2024t ) Let M be any metrcc space ,
AF Y ε M .

Cxnys has LG ) > mary is ar SSD pount in π(M) .

( sketch of the proof )

Take f ε Sipocm)sothatfomay) = I andsup h I fompiq) | : (pq) F cay)y < γ a s .

et Ero and g
ε SLapo [ M ] so that gemay ) > 2

- ra
,

where os ra < a6 a - r ) .

Erough to fand φ ε D (mxuy? so that ke - g ll wo .

Puf h ' = Cr t ) gt 4 . f -
observe that

homaiy) = l -4 ]gimxuy )t4 fcmxiy ) τ(나 - 4 ④ ) ( u -ra ) t .

For cPoq] # lx .y ) , we have

I numpa' | a l- ) I gompall t 1fimp .qll ≤ ( 1 - 4 ) t . r a homxuy)

> " hl = hemay) ~ 2 .

Cousequently , hloihll ε Demxiy )andIIYunn gll . o
. B



On way to construct a metric in such a way that eveny pair of pouuts has [G ]

:

Let E Mid )begivern and γ 2 0
.

Considerdr : M 4 M lR given by drctny ) = 9
dcxiy) + r if × 4 y

O if x = y

Therwiththismetricdr ,wehaveGacaay ] π
r
VEEMLLX 24

.

Thus
, ery molevule in FE M , dr ) is an ssp pocnt .

In faot,inthiscase. .

Theorem A ( Cobollo .
Paneas

, Hajek , J. 2. 24+ ) Lee (Mad) be any metric space , p 2 0
-

Every firitely supported element in FC M .dr)isan ssD point .

Actnally we are going to prove the following .



tneoren B L Cobollo .
Paeas,Hajek, J. 2024+ ] Lee (Mad) be any metric space , γ 2 0

.

Frery element of

{
n

Scxi3 . Sayil 크 f ε SLEP
.
( Mid )

such that flxi) - fcyi 3 = dcxioyoy θ
o = 60 - . n . }n ‰

여 dcxi , gi) fr

λ i ε (RX
,
= . , n with 동

,

λ . = s
, and nE N

is an ssD point in FCM , dr )
.

cproofoftheorem A )et us puf δ . = dr
.

and let M ε F ( M ,
δ
r ) be finitely supported .

Notethat δ r =Ir ) r = dan .

Wrife µ
= h .

δ cx.) - fcy ,

optimal representation .

Cxisyi ] + γ

Fand f ε SLap
.
( M , idn )sothatfu ) = s ,ine , fcx) - foyi) = dcxi , yo ) t r ti= 1

. "

,
n .

Note that Sxihis and Syisie are disjoint. If not , assume for instance X) = y2 .

Then fcxs) = f tyr) t dcxroyu) + γ = fcxi) t dcxu , × i] + γ = fuy, ) td (× iy . ) td (xv ,x) t 2γ

≥ fay . ) t diyur tal + ar .



Put N = t Xiy . .XniynS . NLOG .O ε Sy.. - , yns
.

Pefine f . N → k by fcxi) =faxol- r andfoyi )fuyi)fori =t , , n .

Note that f ( × )- fcyi) = c xioyo )foreveryi = l. , n
.

Clim ε SLEPoC N ,
δ ) .

Summarizing , every finitely supporfed

element in ECMidr 3 = ecM , dar)
This is frue thanks to that id is already distorted .

is an SsP point .

For instance if fcxi) s fcyjl ,
then

^

I foxit -Foy . ] | =fay; ) -fexo)=fiy )-a ; s + (x;] - F ixi)

= - diy ; . x;] + f (+ j) - fcxi)

∠ - δ ( Y; , ×;) + dir l ×g , xi )
ㅱ

= - uyj , xj)t δ ( xg, xi ) + r ≤ Iixi
, yj )

√

Fxtend f to a norononeelement in FeEM ,
δ ) .

Apply Theorem A to CM, δ ) wthµ E
FelM ,Ir)andf ε Suap.( M , δ

) .



tneoven B [ Cobollo .
Paneas

, Hajek , J. 2024+ ) Lee CMad) be any metric space , γ 2 0
.

Enery element of

{ 로 Suxo) - 8 cyin I f ε SLaP
.
( Mid)

suck that fcxil - fuyi ) = detioyo] □
te 6,
-

, n . }idi ‰
뎌 dExi , yi3 f

γ

λ i ε (R
+

,
= " , n with " λ i = I

, and n ε µ

is an SsD poiut in F ( M , dr )
.

[ sketch of the proof ) .

Lee µ be an lementoftheabovesetwithf ε SLip.cM.d ) .

Note that S xigie and Syosieare disjocut and let N o = S Xi , y . i . … ,An ,yn
.

WLOG, O ε y .. . yns .Notethatfloa ε SsipocN , ds
.

wth I1 flw lla ≤ diam ( N )
.

Apply McSchane to get a norm one extension of fln to ( M .
d ) with sup

- norm ≤ diam ( N )
.

westill denote this by f .

Claim : 크 φε SLipo (m , dr)
: sup h 1 φcmpka) | : P 4 N or q 4 NS < β < 1 β φ ( µ) = 또



Next we define fr E Lopo C M . dr) by

fixot r if a = ti , i =t , " , n .

fr aa) =

I fayil if a = yi . i = 1 . . n .

fexil +γ
fea ) + r/a if Z 4 N .

@

(30)

@

Note that for (
, 3 ε hl
.

, ns ,

cnI frctis-frlyj] | ≤ dstioyj] +γ
foz] t 0p

θ flxi)
⑩ i

℃
ca) Ifrcxi ) - fret) | ≤ dexiiz )+ γ

- 「
γ
‰

@

Z

(3) I frlyjs - frlz) | ≤ diy, iz) t
r/ 2

.

xi

⒗

i

Suppose that M is bounded for a moment .

2 1 frem xiiz ] I ≤
dlxi

.
z) er/2

≤

K +erwhere k = diancu ) .

dlxi , z ) t γ



ktry2

samilarly , I fr ( m aiy. ] | ≤ kt γ
for eveny E 4 N .

obsere thatfr( X)-frlyis =fcxi)+r -fiy.)=ditiiyil tr ; hence

Sexi3 - δ lagil frcxis - frayi ) 거

frlh ) =fr [
.

아
dcxi , yi) tr

J= i dcxicgi ) +γ
÷ 톱 ,

↑ . = s and

sup
S I frempql . P 4 N or q ④ NS

≤+다 .

Infact,theboundednessofM can bedropped by considering
S : IRTUSoS , [ o, v 3

n

식 θ ∞ t s sEt)

X θ >
ㅇ θ

diam EN ) ㅜ

dand repreplacinglacing fr by a sfreasS ldco , z ) ) . so, wecan still have

tfr uh) ≡ andsuph I frempall
: P ④ N w E ④ NS a

k+ rh
for some K > 0

.kfr



Now , we are closetotheendoftheproof .letEro and g ε
SLip .( M ,dr )sothat

glu) 3 t - I where β = peEiu ) 30 small anough so that

(z) : = ( 1-ra )+δ
a이서 ) + diamen).

< U - δE] C 나 e ) 5 ia
γ

Put hi= Cria) g t iafr. [ then 11 h- g l1 ≤ δa )

Thn hsu) 2 cUralu - β ) tra 7 (I ) > ( r-ra ) +
.(k← . )

π sup h Ihempq) t : P ④ N or E 4 N S
.

Thos shows that thll= 11n ta lI . Note that Fa (N . dr) is ssD I due to its dimension >

Fand φε Lipo CNdr )so that φ 'u) = e= Ih ll andne - hlw llw o .

Finally , defcne if .( M
,dr ) s( R by ψ (a) =

I
φ xz) VZE N

haz]
V
ZE MIN

.

Than 4-hll n o
. ; hence 11 ψ - g ll n o .Notealsothatψ ( µ ) =φcu ) = h

.



Itisenoughto showthatψl =IIhill. A nontrivial case: p o N andoqE M I N
.

lφ cp)
- heq기

Then | ψ (mpq) | =
dcp . q] +

γ

I exp)
- hcp) 1

≤ f l hemp . q) 1
dcpiq ) t γ

≤
11 φ- n In l 1.

- diam ( N )
+ - ra) +r이서 >

γ

≤ (I)

< UU- TEJ Cr β ) * rE < hEµ 3 .
ㅁ
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Thank
you for your attention

?


