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We consider only nontrivial real Banach spaces.

Given a Banach space X we denote
@ the closed unit ball of X by Bx;
@ the unit sphere of X by Sx;
@ the dual space of X by X*.

A slice of the unit ball Bx of a Banach space X is a set of the form
S(x*,a) = {x € Bx: x*(x) > 1—a},

where x* € Sx« and o > 0.
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Diameter 2 properties

X has the

o LD2P if every slice of Bx has diameter 2;

o D2P if every nonempty relatively weakly open subset of Bx
has diameter 2;

@ SD2P if every convex combination of slices of Bx has
diameter 2;

e SSD2P if, for every finite family {Si,...,S,} of slices of Bx
and every € > 0, there exist x; € S1,...,x, € S, and y € Bx
with ||y|| > 1 — & such that x; £ y € S; for every
ied{l,...,n}.
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Diameter 2 properties

X has the

o LD2P if every slice of Bx has diameter 2;

o D2P if every nonempty relatively weakly open subset of Bx
has diameter 2;

@ SD2P if every convex combination of slices of Bx has
diameter 2;

e SSD2P if, for every finite family {Si,...,S,} of slices of Bx
and every € > 0, there exist x; € S1,...,x, € S, and y € Bx
with ||y|| > 1 — & such that x; £ y € S; for every
ied{l,...,n}.

The following implications hold for a general X:

SSD2P —= SD2P D2P LD2P
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Diameter 2 properties
X has the

@ LD2P if every slice of Bx has diameter 2;

o D2P if every nonempty relatively weakly open subset of Bx
has diameter 2;

@ SD2P if every convex combination of slices of Bx has
diameter 2;

e SSD2P if, for every finite family {Si,..., Sy} of slices of Bx
and every € > 0, there exist x; € S1,...,x, € S, and y € Bx
with ||y|| > 1 — & such that x; £ y € S; for every
ied{l,...,n}.

The following implications hold for a general X*:
SSD2P SD2P D2P LD2P

J J | !

w*-SSD2P —— w*-SD2P —— w*-D2P.—— w*-LD2P
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Space of Lipschitz functions and Lipschitz-free space

o Let (M, d) be a (complete) metric space with fixed 0 € M.
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Space of Lipschitz functions and Lipschitz-free space

o Let (M, d) be a (complete) metric space with fixed 0 € M.
@ The space of Lipschitz functions Lipy(M) is defined as

Lipg(M) = {f : M — R: f is Lipschitz and 7(0) = 0},

with the norm

Il ]| :sup{w:x,ye /\/I,x#y}.
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Space of Lipschitz functions and Lipschitz-free space

o Let (M, d) be a (complete) metric space with fixed 0 € M.
@ The space of Lipschitz functions Lipy(M) is defined as

Lipg(M) = {f : M — R: f is Lipschitz and 7(0) = 0},

with the norm

Il ]| :sup{fw:x,ye /\/I,x#y}.

e The Lipschitz-free space F(M) is defined as
F(M) = 5pan{0m : m € M} C Lipg(M)",
where 0, € Lipg(M)*, m € M, is defined by
dm(f) = f(m), f € Lipg(M).
o F(M)* = Lipy(M).
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Diameter 2 Properties in Lipschitz-free spaces

Let M be a complete metric space.

Theorem (Avilés, Martinez-Cervantes, 2019)

The following are equivalent:

(i) M is a length space;
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Diameter 2 Properties in Lipschitz-free spaces

Let M be a complete metric space.

Theorem (Avilés, Martinez-Cervantes, 2019)

The following are equivalent:
(i) M is a length space;
(i) F(M)* has the DP;
(iii) F(M) has the DP;
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Diameter 2 Properties in Lipschitz-free spaces

Let M be a complete metric space.

Theorem (Avilés, Martinez-Cervantes, 2019)

The following are equivalent:

(i) M is a length space;

(

(M) has the DP;
(M) has the SD2P;
(M) has the D2P;
(M) has the LD2P.
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Diameter 2 Properties in Lipschitz-free spaces

Let M be a complete metric space.

Theorem (Avilés, Martinez-Cervantes, 2019)

The following are equivalent:

(i) M is a length space;

(

(M) has the DP;
(M) has the SD2P;
(M) has the D2P;
(M) has the LD2P.

Theorem (K, Veeorg, 2023)
The space F(M) never has the SSD2P.
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w*-SD2P in spaces of Lipschitz functions

Definition (Prochazka, Rueda Zoca, 2018)

M has the LTP if, for every € > 0 and every finite N C M, there
exist u,v € M, u # v, satisfying, for all x,y € N,

(1—e)(d(x,y) + d(u,v)) <d(x,u)+d(y,v).

M

Theorem (Prochazka, Rueda Zoca, 2018)

M has the LTP if and only if Lipg(M) has the w*-SD2P.
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w*-SSD2P in spaces of Lipschitz functions

Definition (Ostrak, 2020)

M has the SLTP if for, for every € > 0 and every finite N C M,
there exist u,v € M, u # v, satisfying, for all x,y € N,

(1—e)(d(u,v) +d(x,y)) < d(x,u) +d(y,v)
and, for all x,y,z,w € N,

(1—e)(2d(u,v) + d(x,y) + d(z, w))
<d(x,u)+d(y,u)+d(z,v)+ d(w,v).

M
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w*-SSD2P in spaces of Lipschitz functions
Definition (Ostrak, 2020)

M has the SLTP if for, for every € > 0 and every finite N C M,
there exist u,v € M, u # v, satisfying, for all x,y € N,

(1—e)(d(u,v) + d(x,y)) < d(x,u) + d(y,v)

and, for all x,y,z,w € N,

(1—¢) (2d(u, v)+d(x,y) + d(z, W))
<d(x,u)+d(y,u)+d(z,v)+ d(w,v).

Theorem (Ostrak, 2020)
M has the SLTP if and only if Lipy(M) has the w*-SSD2P.
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Diameter 2 properties in spaces of Lispchitz functions

o M has the LTP <= Lipy(M) w*-SD2P

@ M has the SLTP <= Lipg(M) w*-SSD2P
@ Lipy(M) has the SSD2P (J. Langemets, A. Rueda Zoca, 2020)

e if M is unbounded
o if M is not uniformly discrete;
o if M=K, n#2.

ﬂ SDﬂzP DEP LDﬂzp
= —— W*-D2P —— w*-LD2P

f—
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Constructing slices in spaces of Lipschitz functions

o Let U be a free ultrafilter on N. Given a Banach space X and
a sequence x, € By, define F: X* — R by

F(f) = IiZ/r[n f(xn), forall f e X*.

Then F E BX**
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Constructing slices in spaces of Lipschitz functions

o Let U be a free ultrafilter on N. Given a Banach space X and
a sequence x, € By, define F: X* — R by

F(f) = IiZ/r[n f(xn), forall f e X*.

Then F E BX**

o If f € S(F, ) for some a > 0, then there are infinitely many
n € N so that f(x,) >1— a.
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Space of Lipschitz functions with w*-SSD2P but without LD2P

Example (Haller, K, Ostrak, 2024)

Let M = {a1,a2} U {bx, ck: k € N} be the metric space where, for
every k,l €N, k </,

d(a1, bok—1) = d(az, bok) = d(ck, b)) =1

and the distance between the elements is 2 in all other cases.

dl ar

- '// 3
=

k-1 ok -1 &)
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Space of Lipschitz functions with w*-SSD2P but without LD2P

Example (Haller, K, Ostrak, 2024)

Let M = {a1,a2} U {bx, ck: k € N} be the metric space where, for
every k,l €N, k </,

d(a1, bok—1) = d(az, bok) = d(ck, b)) =1

and the distance between the elements is 2 in all other cases.

ap az

bok—1 by

C2k—1 C2k C2/-1 €2/
SLTP: Let N C M be finite. Choose u = ¢, v = by so that
¢, by & N for all | > k. Then d(u,v) =1 and d(u,N) = 2.
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Space of Lipschitz functions with w*-SSD2P but without LD2P

ai ar

bok—1 by,

=

k-1 ok -1 2

No LD2P: Let 0 = c1, define F € By, (m)- by

i i (s 0m)

and let G = 3(ma,,, + F). Note that G € Stip(M)*-
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Space of Lipschitz functions with w*-SSD2P but without LD2P

a1 an

b2k—1 b2/

==

k-1 ok -1 2

No LD2P: Let 0 = c1, define F € By, (m)- by
F:f— IiLr{n F(Mbyy 1 ban) s
and let G = %(maha2 + F). Note that G € Syip (M)~
Let f € S(G,a). Forany k,/ € N, k <2/ -1,
f(ba—1) — f(boy) = 2 = f(ck) =~ (maxf + minf)/2;
f(a1) = maxf = f(bpk_1) > maxf — 1;
f(a2) ® minf = f(byk) < minf + 1.

Jaan Kristjan Kaasik Diameter 2 properties in Lipg (M)



Example of Lipg(M) with SD2P lacking the w*-SSD2P

Example (Ostrak, 2020)

Let M = {x1,x2, y1, 2} U{uj, v;: i € N} be the metric space
where, for all i,j € {1,2}, k € N,

d(xi, uk) = d(yi, vi) = d(xi, y;) = d(uk, vk) = 1

and the distance between two elements is 2 in all other cases.
Then M has the LTP but lacks the SLTP.

.

X1 n

X2 2
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Example of Lipg(M) with D2P lacking the w*-SD2P

Example (Haller, Ostrak, Paldvere, 2022)

Let M = {a;,ul,,vi: i € {1,2,3}, m € N} be the metric space
where, for all i,j € {1,2,3}, ';éj m e N,
d(ai, uh,) = d(aj, vi,) = d(ufy, vi) = 1

and the distance between two elements is 2 in all other cases.
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Example of Lipg(M) with LD2P lacking the w*-D2P

Example (New result)

Let M = {x;, yj, u’, v/ | i €{1,2,3},j € N} be a metric space
where for every i € {1,2,3} and j € N,
d(xi, ul) = d(i,vl) = d(V/, i)

=d(x2,y1) = d(x3,y2) = d(x1,y3) =1

and otherwise the distance is 2.

.
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Open questions
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Open questions

@ Is there a Banach space X with the SSD2P such that X**
lacks the SSD2P?

Jaan Kristjan Kaasik Diameter 2 properties in Lipg (M)



Open questions

@ Is there a Banach space X with the SSD2P such that X**
lacks the SSD2P?

@ Find metric characterisations for all diameter two properties in
spaces of Lipschitz functions.

Jaan Kristjan Kaasik Diameter 2 properties in Lipg (M)



References

@ A. Avilés, G. Martinez-Cervantes, Complete metric spaces with
property (Z) are length spaces, Journal of Mathematical
Analysis and Applications, Volume 473, Issue 1, 2019, Pages
334-344,

o R. Haller, J. K. Kaasik, A. Ostrak, Separating diameter two
properties from their weak-star counterparts in spaces of
Lipschitz functions, 2024, 2404.11430, arXiv, math.FA

o R. Haller, A. Ostrak, M. Paldvere, Diameter two properties for
spaces of Lipschitz functions, Journal of Functional Analysis,
Volume 287, Issue 7,

Jaan Kristjan Kaasik Diameter 2 properties in Lipg (M)



References

@ J. Langemets, A. Rueda Zoca, Octahedral norms in duals and
biduals of Lipschitz-free spaces, Journal of Functional Analysis,
Volume 279, Issue 3, 2020, 108557,

o J. K. Kaasik, T. Veeorg, Weakly almost square Lipschitz-free
spaces, Journal of Mathematical Analysis and Applications,
Volume 526, Issue 1, 2023, 127339,

@ A. Ostrak, Characterisation of the weak-star symmetric strong
diameter 2 property in Lipschitz spaces, Journal of
Mathematical Analysis and Applications, Volume 483, Issue 2,
2020, 123630,

@ A. Prochazka, A. Rueda Zoca, A characterisation of
octahedrality in Lipschitz-free spaces, Annales de |'Institut
Fourier, 569-588, Association des Annales de | institut Fourier,
vol. 68, nr 2, 2018

Jaan Kristjan Kaasik Diameter 2 properties in Lipg (M)



Separating all diameter two properties

in spaces of Lipschitz functions

Jaan Kristjan Kaasik

University of Tartu, Estonia

Joint work with Andre Ostrak and Rainis Haller

Jaan Kristjan Kaasik Diameter 2 properties in Lipg (M)



