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Finitely many convex sets

H Hilbert space
closed and convex Ci, Gy, ...,Cx C H, (G = {0}
zp = Py, z,—1 iterates of the nearest point projections

Does {z,} converge at least weakly?

If H=TR? then {z,} converges.
[Dye, Kuczumow, Lin, Reich '96]

There exist 2 closed and convex sets C,D C ¢, with0 e CN D,
and a sequence {z,} of iterates of nearest point projections on
these sets which does NOT converge in norm.

[Hundal '04]

There exist 3 closed subspaces L1, Ly, L3 C ¢> with the following
property. For every 0 # zy € H there is a sequence

ki, ko, --- € {1,2,3} so that the sequence of iterates defined by
zp = Py,z,—1 does not converge in norm.

[Eva Kopeckd, Vladimir Miiller, Adam Paszkiewicz, '14,'17]



Finitely many convex sets

H Hilbert space, ki, kp,--- € {1,2,...,K}
closed and convex G, Gy, ..., Cx C H, (N C = {0}
W = W(z) be all partial weak limits of the sequence

zp = Py, z,—1 of iterates of the nearest point projections of zp € H
Is it true that W = {0}?

W is non-empty and weakly compact.
If W contains an element of maximal norm, then W = {0}.

If Ci's are subspaces, or just symmetric, then {z,} converges
weakly. [Amemyia and Ando '65], [Dye, Reich '92]

If K = 3 then {z,} converges weakly. For K = 4 this is not known!
[Bruck '82], [Dye, Reich '92]

If {kn} is periodic, then the iterates {z,} converge weakly.
[Bregman '65]

If we project onto the most distant sets then {z,} converges
weakly. [Borodin, Kopecka 23]



Finitely many convex sets

H Hilbert space, ki, ko, - € {1,2,...,K}
closed and convex C;, G,...,Cx C H, (G = {0}

W = W(zy) be all partial weak limits of the sequence
zp = Py, zy—1 of iterates of the nearest point projections of zp € H

projections 1-Lipschitz = {|z,|} decreasing = W weakly compact

B A P T LA

“n = |zn — Zn+m‘2 < m(|z,,|2 - |Zn+m|2)

= dist (zp, Ck,..,,) — 0 (n — o0) for any fixed m.

Hence, if {k,} is periodic, then w € N5, C; = {0} for every
w € W, hence {z,} converges weakly to 0.

For w € W, we denote by J(w) the maximal subset of {1,..., K}
such that w € Cy,). Here C; =, .

Therefore |J(w)| > 2 for each w € W.

If w# 0, then |J(w)| < K, since () C; = {0}.



Finitely many convex sets

H Hilbert space, ki, ko, - € {1,2,...,K}

closed and convex C1, G, ..., Cx C H, (G = {0}

W = W(zy) be all partial weak limits of the sequence

zp = Py, z,—1 of iterates of the nearest point projections of zp € H
For w € W, we denote by J(w) the maximal subset of {1,..., K}
such that w € Cy(,,). Here C; = Nje G

Theorem (Borodin, Kopecka '22)

For each w € W, w # 0, one can find another element w' € W
with the following properties:

(i) HWH\I(w)| =1,
(i) [J(w" )N J(w)| > 2
(iii) [J(w")| > 3;
(iv) (W' —w,a) >0 for every a € Cyy).
In particular |w'| > |w| since by (iv) for a=w
W2 = |w|? + W — w]> +2(W — w,w) > |w|? + |w — w'|2.



Finitely many convex sets

H Hilbert space, ki, kp,--- € {1,2,...,K}

closed and convex Ci, Gy,...,Cx C H, G = {0}

W = W(z) be all partial weak limits of the sequence

zp = Py, z,—1 of iterates of the nearest point projections of zp € H
For w € W, we denote by J(w) the maximal subset of {1,..., K}
such that w € Cy(,). Here C; =, G

If K =2or K =3 then {z,} converges weakly.
For K = 4 this is not known!

Proof.

If K =2, then {k,} ={1,2,1,2,...} is periodic,

hence {z,} converges weakly.

Assume that K = 3 and that there is w € W \ {0}.

By Theorem there is w’ € W with |w/| > |w]| and

J(w') ={1,2,3}. Hence w’ = 0 which is a contradiction. O



Finitely many convex sets

H Hilbert space, ki, ko, - € {1,2,...,K}

closed and convex Ci, Gp,...,Cx C H, (G = {0}

W = W(zy) be all partial weak limits of the sequence

zp = Py, z,—1 of iterates of the nearest point projections of zp € H
For w € W, we denote by J(w) the maximal subset of {1,..., K}

such that w € (). Here C; =, G

Theorem (Borodin, Kopecka '22)
If W # {0}, then here exist w # w' € W so that

w = weak lim z,,, w' = weak lim zp,,
k—o00 k—o00
where ny < my < np < my < ..., and k, € J(w) N J(w') for any

n € UJ;(nj, m;). Consequently,
(i) (W' —w,a) >0 forevery a € Cyy),
(i) (w' —w,b) >0 for every b € Cjy.



Finitely many convex sets

H Hilbert space, ki, kp,--- € {1,2,...,K}

closed and convex Ci, Gy,...,Cx C H, (G = {0}

W = W(zy) be all partial weak limits of the sequence

zp = Py, z,—1 of iterates of the nearest point projections of zp € H
For w € W, we denote by J(w) the maximal subset of {1,..., K}
such that w € Cy(y). Here C; =Nje G

Assume all the convex sets C; are quasi-symmetric: if a € C; then
—Xa € C; for some A = A(a,i) > 0. Then W = {0}.

In particular, if all C; are closed linear subspaces of H then {z,}
converges weakly.

Proof.

Assuming W # {0} we take the two different elements w, w’ € W
from Theorem. Using (i) of Theorem for a = w gives

(W —w,w) >0and [w? > |w|? + |w— w|?. Using (ii) of
Theorem for b = —Aw’ gives (W' — w,—Aw’) > 0 and

|w|? > |w'|> + |w — w/|?. Hence w = w’, a contradiction. O



