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@ (r+)-separated if d(x, y)> r for all distinct x, y € N.
@ r-separated if d(x, y)> r for all distinct x, y € N.
@ separated if it is r-separated for some r > 0.

@ r-equilateral if d(x, y)= r for all distinct x, y € N.
@ c-approximately r-equilateral if |d(x, y) — r| <  for all distinct x,y € N.
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r-equilateral) for some r > 0.

@ diameter diam(N) = sup({d(x,y) : x,y € N}).
@ A subset N C M is called bounded if diam(N) is finite.
@ density of a metric space (M, d) is denoted by dens(M).
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Banach spaces definitions and facts

Let X be a Banach space and X* its dual
@ (X, x;")icz is called biorthogonal if x;/(x;) = 1 if i = j and otherwise x;"(x;) = 0
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Banach spaces definitions and facts

Let X be a Banach space and X* its dual
@ (X, x;")icz is called biorthogonal if x/(x;) = 1 if i = j and otherwise x;"(x;) = 0
@ (xi, X )icz is called an Auerbach system if it is biorthogonal and || x;|| = ||x/|| = 1
forall i € 7.
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@ (X, x;")icz is called biorthogonal if x/(x;) = 1 if i = j and otherwise x;"(x;) = 0

@ (X, X)icz is called an Auerbach system if it is biorthogonal and || xi|| = ||x"|| = 1
foralli e 7.

@ (Day; 1962) If X is infinite dimensional, then X admits an infinite Auerbach
system.
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foralli € 7.

@ (Day; 1962) If X is infinite dimensional, then X admits an infinite Auerbach
system.

@ (Riesz; 1916) If e > 0 and Y C X is a closed proper subspace, then there a unit
x € X suchthatd(x,y) >1 —cforevery y € V.
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@ (X, x;")icz is called biorthogonal if x/(x;) = 1 if i = j and otherwise x;"(x;) = 0

@ (X, X)icz is called an Auerbach system if it is biorthogonal and || xi|| = ||x"|| = 1
foralli € 7.

@ (Day; 1962) If X is infinite dimensional, then X admits an infinite Auerbach
system.

@ (Riesz; 1916) If e > 0 and Y C X is a closed proper subspace, then there a unit
x € X suchthatd(x,y) >1—cforevery y € V.

@ Corollary: The sphere Sx of any nonseparable Banach space X admits an
uncountable (1 — ¢)-separated set
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system.

@ (Riesz; 1916) If e > 0 and Y C X is a closed proper subspace, then there a unit
x € X suchthatd(x,y) >1—cforevery y € V.

@ Corollary: The sphere Sx of any nonseparable Banach space X admits an
uncountable (1 — ¢)-separated set

@ A consequence scaling and translations:
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Let X be a Banach space and X* its dual
@ (X, x;")icz is called biorthogonal if x/(x;) = 1 if i = j and otherwise x;"(x;) = 0

@ (X, X)icz is called an Auerbach system if it is biorthogonal and || xi|| = ||x"|| = 1
foralli € 7.

@ (Day; 1962) If X is infinite dimensional, then X admits an infinite Auerbach
system.

@ (Riesz; 1916) If e > 0 and Y C X is a closed proper subspace, then there a unit
x € X suchthatd(x,y) >1—cforevery y € V.

@ Corollary: The sphere Sx of any nonseparable Banach space X admits an
uncountable (1 — ¢)-separated set
@ A consequence scaling and translations:

@ A Banach space admits an uncountable equilateral set iff its unit sphere S admits an
uncountable 1-equilateral set.
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Colorings of pairs, monochromatic sets

@ A coloring of a set S is any function

c:S—{C:ieTI},
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Colorings of pairs, monochromatic sets

@ A coloring of a set S is any function
c:S—{C:iel},

{C;i : i € T} is the set of colors.
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Colorings of pairs, monochromatic sets
@ A coloring of a set S is any function
c:S—{C:iel},

{C;i : i € T} is the set of colors.
@ Unordered pairs of X: [X]? = {{x,y} : x,y € X & x # y}.
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Colorings of pairs, monochromatic sets

@ A coloring of a set S is any function
c:S—{C:iel},

{C;i : i € T} is the set of colors.
@ Unordered pairs of X: [X]? = {{x,y} : x,y € X & x # y}.
@ A coloring of pairs of X: ¢ : [X]? = {C; : i € T}.
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Colorings of pairs, monochromatic sets

@ A coloring of a set S is any function
c:S—{C:ieI},
{C;i : i € T} is the set of colors.
@ Unordered pairs of X: [X]? = {{x,y} : x,y € X & x # y}.
@ A coloring of pairs of X: ¢ : [X]* — {Ci: i € T}.
@ A monochromatic set M C X of a coloring ¢ of pairs of X:

|cl[MF]| = 1.
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Colorings of pairs, monochromatic sets

@ A coloring of a set S is any function
c:S—{C:iel},

{C;i : i € T} is the set of colors.
@ Unordered pairs of X: [X]? = {{x,y} : x,y € X & x # y}.
@ A coloring of pairs of X: ¢ : [X]* — {Ci: i € T}.
@ A monochromatic set M C X of a coloring c of pairs of X:

|e[[MP?]] = 1.
@ If i € I, we say that M C S is C;-monochromatic if

c[[M*] = {Ci}.
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Colorings of pairs, monochromatic sets

@ A coloring of a set S is any function
c:S—{C:iel},

{C;i : i € T} is the set of colors.
@ Unordered pairs of X: [X]? = {{x,y} : x,y € X & x # y}.
@ A coloring of pairs of X: ¢ : [X]* — {Ci: i € T}.
@ A monochromatic set M C X of a coloring c of pairs of X:

|e[[MP?]] = 1.
o If i € I, we say that M C S is C;-monochromatic if
c[[MF] ={C}.

@ Examples: Suppose (X, d) is a metric space.
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Colorings of pairs, monochromatic sets

@ A coloring of a set S is any function
c:S—{C:iel},

{C;i : i € T} is the set of colors.
@ Unordered pairs of X: [X]? = {{x,y} : x,y € X & x # y}.
@ A coloring of pairs of X: ¢ : [X]* — {Ci: i € T}.
@ A monochromatic set M C X of a coloring c of pairs of X:

|e[[MP?]] = 1.
o If i € I, we say that M C S is C;-monochromatic if
c[[MF] ={C}.

@ Examples: Suppose (X, d) is a metric space.
@ ' : [X]? = Ry givenby d'({x,y}) = d((x,y)) is a coloring.
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Colorings of pairs, monochromatic sets

@ A coloring of a set S is any function
c:S—{C:ieI},
{C;i : i € T} is the set of colors.
@ Unordered pairs of X: [X]? = {{x,y} : x,y € X & x # y}.
@ A coloring of pairs of X: ¢ : [X]* — {Ci: i € T}.
@ A monochromatic set M C X of a coloring c of pairs of X:

|e[[MP?]] = 1.
o If i € I, we say that M C S is C;-monochromatic if
cl[MP’] = {Ci}-
@ Examples: Suppose (X, d) is a metric space.

@ o' : [X]?2 — Ry givenby d’({x,y}) = d((x,y)) is a coloring.
@ monochromatic sets of d’ are equilateral subsets of X.
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Colorings of pairs, monochromatic sets

@ A coloring of a set S is any function
c:S—{C:ieI},
{C;i : i € T} is the set of colors.
@ Unordered pairs of X: [X]? = {{x,y} : x,y € X & x # y}.
@ A coloring of pairs of X: ¢ : [X]* — {Ci: i € T}.
@ A monochromatic set M C X of a coloring c of pairs of X:

|e[[MP?]] = 1.
o If i € I, we say that M C S is C;-monochromatic if
c[[MF] ={C}.

@ Examples: Suppose (X, d) is a metric space.

@ o' : [X]?2 — Ry givenby d’({x,y}) = d((x,y)) is a coloring.

@ monochromatic sets of d’ are equilateral subsets of X.

Q@ c: [X]?2 — {*,*x}givenby c({x,y}) = = if d(x,y) > 1 and otherwise c({x, y}) = **
is a coloring.
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Colorings of pairs, monochromatic sets

@ A coloring of a set S is any function
c:S—{C:ieI},
{C;i : i € T} is the set of colors.
@ Unordered pairs of X: [X]? = {{x,y} : x,y € X & x # y}.
@ A coloring of pairs of X: ¢ : [X]* — {Ci: i € T}.
@ A monochromatic set M C X of a coloring c of pairs of X:

|e[[MP?]] = 1.
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Suppose that X is an infinite set and ¢ : [X]? — {Co, ... Cn} forn € N. There is an
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(1+)-separated subset of Sx.
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X - an infinite dimensional Banach space, Sx - its unit sphere. There is an infinite
(1+)-separated subset of Sx.

Proof.
Let (xn, X} )nen be an Auerbach system in X.Consider a coloring ¢ of [N]? defined by

* if [[Xn — Xml|| > 1
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Some positive separable results

Let X be an infinite dimensional separable Banach space.
@ (Elton, Odell; 1981) Sx contains an infinite (1 + ¢)-separated set for some £ > 0.
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The failure of the Ramsey property at wy or 2.

Theorem (Sierpinski; 1933) J

There is ¢ : [2*]? — {0, 1} without uncountable monochromatic set.
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There is ¢ : [2*]? — {0, 1} without uncountable monochromatic set.

Theorem (Todorcevic; 1987)
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