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uncountable e-approximately equilateral subset.
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Theorem (K, Ryduchowski; 2024)

Assume that that there is a coloring ¢ : [w1]? — {0, 1} such that for every pairwise
disjoint family F of finite subsets of wy and i € {0, 1} there are A, B € F satisfying
c[A® Bl ={i}, where A® B={{«a,B}: € A € B}.
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||f\|c::gi /%f(f)z, (f € coo(wr))
Proof.

@ Fix1>6>0. Lete = (2125 — §%)/2.
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Hilbert generated example of hyperlateral space from a coloring with
the Galvin property (weaker than CH)

||f\|c:/§25 /%f(s)z, (f € coo(wr))
Proof.

@ Fix1>6>0.Lete = (2v25 — 6%)/2.
@ Let {x, : « < wi} C Sx be finitely supported and with values in Q U /Q.

@ May assume that the supp(x.)s form a A-system with root A and all x,s restricted
to A are the same and automorphic on the remaining parts a. = supp(x.) \ A.

o if clan ® as] = {1}, then [Ixa — Xs|c =[|Xal@alle, [IXs]aslle
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Hilbert generated example of hyperlateral space from a coloring with
the Galvin property (weaker than CH)

||f\|c:/§25 /%f(s)z, (f € coo(wr))
Proof.

@ Fix1>6>0.Lete = (2v25 — 6%)/2.
@ Let {x, : « < wi} C Sx be finitely supported and with values in Q U /Q.

@ May assume that the supp(x.)s form a A-system with root A and all x,s restricted
to A are the same and automorphic on the remaining parts a. = supp(x.) \ A.

0 if clan ® ag] = {1}, then || Xa — xs|lc =[|Xa|@allo, [ Xs]@5]lc < 1.
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Hilbert generated example of hyperlateral space from a coloring with
the Galvin property (weaker than CH)

||f\|c:/§25 /%f(s)z, (f € coo(wr))
Proof.

@ Fix1>6>0.Lete = (2v25 — 6%)/2.
@ Let {x, : « < wi} C Sx be finitely supported and with values in Q U /Q.

@ May assume that the supp(x.)s form a A-system with root A and all x,s restricted
to A are the same and automorphic on the remaining parts a. = supp(x.) \ A.

o if clan ® as] = {1}, then [[xo — Xs[c =|Xalaallc, [[Xs]asllec < 1.
@ In particular, |[Xa|a.|| > 1 — € for each a € wy,
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Hilbert generated example of hyperlateral space from a coloring with
the Galvin property (weaker than CH)

||f\|c:325 /%f(s)z, (f € coo(wr))
Proof.

@ Fix1>6>0.Lete = (2v25 — 6%)/2.
@ Let {x, : « < wi} C Sx be finitely supported and with values in Q U /Q.

@ May assume that the supp(x.)s form a A-system with root A and all x,s restricted
to A are the same and automorphic on the remaining parts a. = supp(x.) \ A.

o if clan ® as] = {1}, then |[xo — X5 e =[|Xalaalc. | Xs|asle < 1.
@ In particular, ||Xa|a|| > 1 — € for each a € wy,
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Hilbert generated example of hyperlateral space from a coloring with
the Galvin property (weaker than CH)

||f\|c:/§25 /%f(s)z, (f € coo(wr))
Proof.

@ Fix1>6>0.Lete = (2v25 — 6%)/2.
@ Let {x, : « < wi} C Sx be finitely supported and with values in Q U /Q.

@ May assume that the supp(x.)s form a A-system with root A and all x,s restricted
to A are the same and automorphic on the remaining parts a. = supp(x.) \ A.

if clan ® as] = {1}, then [[xo — Xs[c =|Xalaallc, [[Xslasllec < 1.
In particular, ||Xa|aa|| > 1 — ¢ for each a € wy,
If claa ® ag] = {0},

e o6 o

B 2 scy type properties of the distance in spheres - 111 Castro Urdiales, 8-12/07/2023 5/11




Hilbert generated example of hyperlateral space from a coloring with
the Galvin property (weaker than CH)

||f\|c:325 /%f(s)z, (f € coo(wr))
Proof.
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the Galvin property (weaker than CH)

||f\|c:325 /%f(s)z, (f € coo(wr))
Proof.

@ Fix1>6>0.Lete = (2v25 — 6%)/2.
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@ May assume that the supp(x.)s form a A-system with root A and all x,s restricted
to A are the same and automorphic on the remaining parts a. = supp(x.) \ A.
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If cla. ® ag] = {0}, then ||Xa|an — Xxslas||2 > 2(1 —¢),

e o6 o

B 2 scy type properties of the distance in spheres - 111 Castro Urdiales, 8-12/07/2023 5/11




Hilbert generated example of hyperlateral space from a coloring with
the Galvin property (weaker than CH)

||f\|c:325 /%f(s)z, (f € coo(wr))
Proof.

@ Fix1>6>0.Lete = (2v25 — 6%)/2.
@ Let {x, : « < wi} C Sx be finitely supported and with values in Q U /Q.

@ May assume that the supp(x.)s form a A-system with root A and all x,s restricted
to A are the same and automorphic on the remaining parts a. = supp(x.) \ A.

o if clan ® as] = {1}, then | xo — xsc =|Xal@allc, [ X5]as]lc < 1.
@ In particular, ||Xa|a|| > 1 — € for each a € wy,

o If cla, ® ag] = {0}, then ||x.|as — xslas|? > 2(1 — &),

@ SO HXL\ — XBl|c 2
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Hilbert generated example of hyperlateral space from a coloring with
the Galvin property (weaker than CH)

||f\|c:325 /%f(s)z, (f € coo(wr))
Proof.

@ Fix1>6>0.Lete = (2v25 — 6%)/2.
@ Let {x, : « < wi} C Sx be finitely supported and with values in Q U /Q.

@ May assume that the supp(x.)s form a A-system with root A and all x,s restricted
to A are the same and automorphic on the remaining parts a. = supp(x.) \ A.

o if C[aa & aB] = {1}, then HX(, — XBHC :‘|Xa|aa||(:, ||XB|3BH0 S 1.
@ In particular, ||X«|a.|| > 1 — ¢ for each a € wy,

o If cla. ® ag] = {0}, then || Xa|aa — xslas|5 > 2(1 —e),
GSOHX&_Xﬁ czm: 2_2\/§5+52:
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Hilbert generated example of hyperlateral space from a coloring with
the Galvin property (weaker than CH)

||f\|c:325 /%f(s)z, (f € coo(wr))
Proof.

@ Fix1>6>0.Lete = (2v25 — 6%)/2.
@ Let {x, : « < wi} C Sx be finitely supported and with values in Q U /Q.

@ May assume that the supp(x.)s form a A-system with root A and all x,s restricted
to A are the same and automorphic on the remaining parts a. = supp(x.) \ A.

o if clan ® as] = {1}, then | x. — Xslc = Xalaallc, X5l @slc < 1.
@ In particular, ||Xa|a|| > 1 — € for each a € wy,

@ If cla, ® as] = {0}, then ||xa|a. — xslas||5 > 2(1 — <),

@ SO [|Xo — Xsllc >V2 —2e = V2 —2V25 4+ 62 =2 — 6.
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Hilbert generated example of hyperlateral space from a coloring with
the Galvin property (weaker than CH)

||f\|c:325 /%f(s)z, (f € coo(wr))
Proof.

@ Fix1>6>0.Lete = (2v25 — 6%)/2.
@ Let {x, : « < wi} C Sx be finitely supported and with values in Q U /Q.

@ May assume that the supp(x.)s form a A-system with root A and all x,s restricted
to A are the same and automorphic on the remaining parts a. = supp(x.) \ A.

o if clan ® as] = {1}, then | x. — Xslc = Xalaallc, X5l @slc < 1.
@ In particular, ||Xa|a|| > 1 — € for each a € wy,

@ If cla, ® as] = {0}, then ||xa|a. — xslas||5 > 2(1 — <),

@ SO [|Xo — Xsllc >V2 —2e = V2 —2V25 4+ 62 =2 — 6.
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Example C(K) from a strongly Luzin set (weaker than CH)
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Example C(K) from a strongly Luzin set (weaker than CH)

Theorem (K.; 2018/2027?)
Assume the existence of a strongly Luzin set of the reals of cardinality w1 .
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Theorem (K.; 2018/2027)

Assume the existence of a strongly Luzin set of the reals of cardinality w1. Then there

is a separable compact Hausdorff space K (so C(K) is isometric to a subspace of (.. )
such that
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Theorem (K.; 2018/2027)

Assume the existence of a strongly Luzin set of the reals of cardinality w1. Then there
is a separable compact Hausdorff space K (so C(K) is isometric to a subspace of (.. )
such that C(K) is hyperlateral (so is not almost dichotomous):
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Theorem (K.; 2018/2027)

Assume the existence of a strongly Luzin set of the reals of cardinality w1. Then there
is a separable compact Hausdorff space K (so C(K) is isometric to a subspace of (.. )
such that C(K) is hyperlateral (so is not almost dichotomous): all uncountable sets of
Sc(ky which are (1 — €)-separated contain x, x',y,y’ such that
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Assume the existence of a strongly Luzin set of the reals of cardinality w1. Then there
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Sc(ky which are (1 — €)-separated contain x, x',y,y’ such that

@ |Ix— x| <1+¢eand

o |y—y|>2—6e.

B 2 scy -type properties of the distance in spheres - 11 Castro Urdiales, 8-12/07/2023 6/11




|
Example C(K) from a strongly Luzin set (weaker than CH)

Theorem (K.; 2018/2027)

Assume the existence of a strongly Luzin set of the reals of cardinality w1. Then there
is a separable compact Hausdorff space K (so C(K) is isometric to a subspace of (.. )
such that C(K) is hyperlateral (so is not almost dichotomous): all uncountable sets of
Sc(ky which are (1 — €)-separated contain x, x',y,y’ such that

@ | x—x'||<1+¢and
°[ly—yl=>2-6e.
In particular, K* (S¢x)) = [0, 1]
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Examples with K (Sy) = [0,1) and X(Sx) C [2 — p, 2] assuming CH or
after adding one Cohen real
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Examples with K (Sy) = [0,1) and X(Sx) C [2 — p, 2] assuming CH or
after adding one Cohen real

Theorem (O. Guzman, M. Hrusak, PK., 2027?)
Assume CH or work in a model after adding one Cohen real.
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Examples with K (Sy) = [0,1) and X(Sx) C [2 — p, 2] assuming CH or
after adding one Cohen real

Theorem (O. Guzman, M. Hrusak, PK., 2027?)

Assume CH or work in a model after adding one Cohen real. For sufficiently small

p > 0 there are Banach spaces Z, of density wy such that for sufficiently small 6 > 0
every uncountable (1 — §)-separated subset of the unit sphere Sz, contains distinct
x,x',y,y' such that
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after adding one Cohen real
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Assume CH or work in a model after adding one Cohen real. For sufficiently small
p > 0 there are Banach spaces Z, of density wy such that for sufficiently small 6 > 0
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Examples with K (Sy) = [0,1) and X(Sx) C [2 — p, 2] assuming CH or
after adding one Cohen real

Theorem (O. Guzman, M. Hrusak, PK., 2027?)

Assume CH or work in a model after adding one Cohen real. For sufficiently small
p > 0 there are Banach spaces Z, of density wy such that for sufficiently small 6 > 0
every uncountable (1 — §)-separated subset of the unit sphere Sz, contains distinct
x,x',y,y' such that
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Z, is a subspace of
span({1a: A€ A} U ) C lo,
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Examples with K (Sy) = [0,1) and X(Sx) C [2 — p, 2] assuming CH or
after adding one Cohen real

Theorem (O. Guzman, M. Hrusak, PK., 2027?)

Assume CH or work in a model after adding one Cohen real. For sufficiently small
p > 0 there are Banach spaces Z, of density wy such that for sufficiently small 6 > 0
every uncountable (1 — §)-separated subset of the unit sphere Sz, contains distinct
x,x',y,y' such that
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Z, is a subspace of
span({1a: A€ A} U ) C lo,
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Erdds-Rado theorem vs uncountable equilateral sets.
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Erdds-Rado theorem vs uncountable equilateral sets.

Theorem (Erdés-Rado)
Suppose that x, \ are infinite cardinals satisfying 2% < \.
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Erdds-Rado theorem vs uncountable equilateral sets.

Theorem (Erdés-Rado)

Suppose that «, \ are infinite cardinals satisfying 2 < ). Let X be a set of cardinality
andc: [X]? — k.
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Erdds-Rado theorem vs uncountable equilateral sets.

Theorem (Erdés-Rado)

Suppose that «, \ are infinite cardinals satisfying 2 < ). Let X be a set of cardinality
and ¢ : [X]? — k. There is a monochromatic subset of X of cardinality bigger than r.

Ramsey-lype properties of the distance in spheres - Il Castro Urdiales, 8-12/07/2023 8/11



Erdds-Rado theorem vs uncountable equilateral sets.

Theorem (Erdés-Rado)

Suppose that «, \ are infinite cardinals satisfying 2 < ). Let X be a set of cardinality
and ¢ : [X]? — k. There is a monochromatic subset of X of cardinality bigger than r.

Ramsey-lype properties of the distance in spheres - Il Castro Urdiales, 8-12/07/2023 8/11



-
Erdds-Rado theorem vs uncountable equilateral sets.

Theorem (Erdés-Rado)

Suppose that «, \ are infinite cardinals satisfying 2 < ). Let X be a set of cardinality
and ¢ : [X]? — k. There is a monochromatic subset of X of cardinality bigger than r.

Proposition

If X is a Banach space of density strictly bigger than 2“, then Sx admits an
uncountable e-approximately 1-equilateral sets for every ¢ > 0.
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Erdds-Rado theorem vs uncountable equilateral sets.

Theorem (Erdés-Rado)

Suppose that «, \ are infinite cardinals satisfying 2 < ). Let X be a set of cardinality
and ¢ : [X]? — k. There is a monochromatic subset of X of cardinality bigger than r.

4

Proposition

If X is a Banach space of density strictly bigger than 2“, then Sx admits an
uncountable e-approximately 1-equilateral sets for every ¢ > 0.

Theorem (Terenzi; 1989)

If X is a Banach space of density strictly bigger than 22" then Sx admits an
uncountable (in fact of cardinality > 2“) equilateral set.
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Consistent examples of WLD and reflexive spaces

Theorem (Hajek, Kania, Russo; 2020)

If dens(X) > 2 and X is WLD, then Sx admits an Auerbach system of cardinality
dens(X') and an uncountable (1+)-separated set.
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Assume the existence of a nonmeager set of size wy (e.g. CH). There is an equivalent
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Are there in ZFC nonseparable WLD (reflexive) spaces without uncountable
(1+4)-separated sets, equilateral sets, Auerbach systems (equilateral sets, Auerbach
systems)?
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