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Preliminaries

Definition

Let E be a Banach space. The norm on E is called locally uniformly rotund (LUR)
if for any point x in the unit sphere Sg and a sequence {x,}n,en C Se we have that
. X + Xp
lim
n—o0

=1 = lim ||x — x| =0
n— o0
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Stability of LUR renormability of C(K) spaces

® Continuous images

Products

Subspaces X

® Resolutions
® Limits of inverse systems X

S. Watson, The construction of topological spaces, planks and resolutions, in:
Recent progress in general topology, M. Husek, J. van Mill (Eds.), vol. 20,
North-Holland, 1992, 673-757. .
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Resolutions (Fedorchuk ('68))

Y, X, for y € Y - topological spaces.

h, : Y\ {y} — Y - continuous mappings.
X={{y}xX,:yeY}

[y} x VU (U {y' X Yo i x' € (Uﬂhy_l(v))}) for UC Y,V C X, open -

basic open sets.

22/41



Double circle

Y =5 X ={01} h(y)=0Vy £y €Y.
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Double arrow

1ify >y.

0if y' <y and h,(y')

Y = [Ov 1]' Xy = {0?1} Vy € Y' hy(y/)

0o
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Y=1[0,1], X, =[0,1]Vy € Y, hy(y')=0if y' <y and h(y')=1if y' > y.
1
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Preliminaries

Definition (Fedorchuk ('68))

Let X and Y be topological spaces and f : X — Y a continuous mapping. f is
called fully closed at y € Y if for any finite open cover {Us, ..., Us} of f=1(y) the
set {y} Ui, f# (U;) is a neighborhood of y. A continuous surjective mapping is

called fully closed if it is fully closed at every point of Y.
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Preliminaries

Definition (Ivanov ('84))

Let S = {X,, Wg, a, B € u} be a continuous inverse system, where X,, are Hausdorff

a+1

a7t are fully closed, Xp is a point,

compacta, the neighboring bonding mappings m
and the fibers (wf{“)_l(y) are metrizable compacta for all @ +1 € p and all

y € X,. Then IiLn S is called a Fedorchuk compact of spectral height p, provided

that the system is minimal.

v
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Preliminaries

Theorem (Gul'ko, Ivanov, Shulikina, Troyanski ('20))
Let X be a Hausdorff compact admitting a fully closed projection m onto a metrizable
compact Y. In addition, let the fibers 7=1(y) be metrizable for all y € Y. Then

C(X) admits an equivalent pointwise lower semicontinuous LUR norm.
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Preliminaries

Theorem (M. (23"))
Let X and Y be Hausdorff compacta and 7 a fully closed mapping from X onto Y.
Then C(X) admits an equivalent T,-lower semicontinuous LUR norm provided that

the spaces C(Y) and C (7~ *(y)) for y € Y admit equivalent 7,-Isc LUR norms.

v

Corollary

C(X) admits an equivalent pointwise-lower semicontinuous LUR norm whenever X

is a Fedorchuk compact of finite spectral height.
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Main result

Main Theorem

Let X = lim{X,, 7% n, k € w} be a Fedorchuk compact of spectral height w with
—

the additional property that all bonding mappings m} are fully closed. Then C(X)

admits an equivalent T,-Isc LUR norm.
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Preliminaries

Theorem (Molté, Orihuella, Troyanski ('97))
Let E be a Banach space and F a norming subspace of its dual. Then E admits
an equivalent o(E, F)-lower semicontinuous LUR norm if and only if for any e > 0

there exists a countable decomposition X = |J X, such that for all n € N and
neN
x € X, there exists H an open half space containing x and satisfying:

| - ||-diam (X, N H) < e.
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Preliminaries

Notation
Let X and Y be topological spaces and 7 a continuous mapping from X onto Y.
If M C Y, by YM we will denote the quotient space corresponding to the following

equivalence classes:
o X, X € W_I(M);
X =
7 (m(x)), 7(x) € Y\ M.

We will denote the corresponding quotient mapping from X to Y by pM and by

7™ YM Y the unique mapping such that 7 = 7™ o pM.
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Preliminaries

Proposition (Fedorchuk ('06))

Let X and Y be compact topological spaces and f : X — Y a closed map. Then
the following are equivalent:

@ f is fully closed.
@® If F1, F, C X are closed and disjoint, the set f(F1) N f(F) is finite.

© If U C X isopenandy €Y, the set U¥ := (f~1(y)nU) U1 (F#(V)) is
open.

® Forany M C Y, the space YM is Hausdorff.
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Preliminaries

Proposition (Gulko, Ivanov, Shulikina, Troyanski ('20))

Let m : X — Y be a continuous surjective mapping between Hausdorff compacta.
Then 7 is fully closed if and only if for all f € C(X) we have (osc,r_1(y) f:ye Y) €
Co( Y)
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|dea of the proof

Mp© = {x € X, tosc 1 f > e}.

c)=U U U U UEnsrar

meN keNm—1 reN ge Q> ki peEN

m:min{nGN:/\/l,f’EZV)}: (1)
‘Mf’e — K i=1,....m—1 (2)
1
min{oscﬂ;l(x) f: neNxe /\/I,f’e} —€> 7; 3)
1 1
osc_-1, . fe|qg— ,q; + — ; 4
7 (%) (qf 3"2:11:_11 ki q; 3r 2;7;11 k,) ( )

feBuh). (hplpen | = C(KP). (5)
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|dea of the proof

Let M, C X, be subsets satisfying 7}(M,) C M.

Ko = X(), Kl = Xl, K2 = ()(1),\/,1

2
5

K,,+1 = (Kn)qn(Mn) )

n+l1
qnOTn

qn(Mn)
)\Z'H = (qn o 7r,',’+1) .

Gni1 is the unique map giving g, ot = A\l o g, ;.
K:= @{Kn»)\ﬂ» n, k € N}. q(x) == {qn(xn) } nen-
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|dea of the proof

Proposition ([Fed06])

Let m: X = Y be a fully closed mapping between Hausdorff compacta. Then X is
metrizable if and only if the following conditions hold:

® Y s metrizable;

® All the fibers 7=1(y) are metrizable;

® The set of nontrivial fibers {y ey | l(y)| > 2} is countable.
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Questions

Question

Let X be a Fedorchuk compact of countable spectral height. Does C(X) admit an

equivalent pointwise-lower semicontinuous LUR norm?

Question

Let S = {X3, s, ~} be a continuous inverse system, where - is a countable ordinal,
Xp is a singleton, the neighboring bonding mappings 7T§+1 are fully closed, and for
any S+ 1 < v and any y € Xg the space C ((ﬁgﬂ)’l(y)) is LUR renormable.
Let X be the limit ILm S. Does C(X) admit an equivalent LUR norm?
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Thank you for the attention!
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