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Bossard’s idea ([Bos93], [Bos02])

SB(C(∆))︸ ︷︷ ︸
Closed subspaces

endowed with the Effros-Borel structure.

Allows to distinguish between Borel and non-Borel classes:
• RNP is complete coanalytic.
• Uniformly convex spaces are Borel.

Problem:
No canonical topology ⇒ No distinction between Borel classes
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Analytic set: Continuous image of Polish space
Coanalytic set: Complement of analytic set
Borel = Analytic ∩ Coanalytic
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Extensions of Bossard’s idea

• Godefroy and Saint-Raymond [GSR18]: Admissible topologies.

• Cúth, Doležal, Doucha and Kurka [CDDK22b], [CDDK22a]:

V = {v ∈ QN : v has finite support}
P = {µ ∈ RV : µ is a seminorm}

• Extend µ to c00: µ̄
• Pass to the quotient with Nµ = {x ∈ c00 : µ̄(x) = 0}: µ̃
• Complete (c00/Nµ, µ̃): (Xµ, µ̂)

(Xµ, µ̂) is a separable Banach space, V countable and dense.
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Extensions of Bossard’s idea

Given a separable Banach space (X , ||·||) with a dense sequence
{xn}, we can obtain a seminorm µ ∈ P such that X ≡ Xµ by
defining for every v = ∑

anen ∈ V (with {en} the canonical basis
of c00)

µ(v) =
∣∣∣∣∣
∣∣∣∣∣

∞∑
n=1

anxn

∣∣∣∣∣
∣∣∣∣∣ .

P∞ = {µ ∈ P : Xµ is infinite-dimensional}
B = {µ ∈ P∞ : µ̄ is a norm}
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Diameter 2 properties

Recall: RNP is complete coanalytic.

Diameter 2 properties

A Banach space X has:

• LD2P: Every slice of BX has diameter 2.
• D2P: Every w -open set of BX has diameter 2.

Esteban Martínez Vañó Universidad de GranadaDepartamento de Análisis Matemático
Descriptive complexity of diameter 2 properties



Diameter 2 properties

Recall: RNP is complete coanalytic.

Diameter 2 properties

A Banach space X has:

• LD2P: Every slice of BX has diameter 2.
• D2P: Every w -open set of BX has diameter 2.

Esteban Martínez Vañó Universidad de GranadaDepartamento de Análisis Matemático
Descriptive complexity of diameter 2 properties



Diameter 2 properties

Recall: RNP is complete coanalytic.

Diameter 2 properties

A Banach space X has:
• LD2P: Every slice of BX has diameter 2.

• D2P: Every w -open set of BX has diameter 2.

Esteban Martínez Vañó Universidad de GranadaDepartamento de Análisis Matemático
Descriptive complexity of diameter 2 properties



Diameter 2 properties

Recall: RNP is complete coanalytic.

Diameter 2 properties

A Banach space X has:
• LD2P: Every slice of BX has diameter 2.
• D2P: Every w -open set of BX has diameter 2.

Esteban Martínez Vañó Universidad de GranadaDepartamento de Análisis Matemático
Descriptive complexity of diameter 2 properties



Complexity of isometry classes

What about the isometry classes?

1. Give a purely geometrical characterization of the properties.
X has LD2P iff for every ε > 0

BX = co
{x + y

2 : x , y ∈ BX ∧ ||x − y || ≥ 2− ε
}

2. Find a way to “talk about the dual space”.
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Codification of the dual space in B
Given µ ∈ B we define the map

Tµ : BX∗µ −→ [−1, 1]V

f 7−→Tµ(f ) : V −→ [−1, 1]

u 7−→


0 if u = 0V

1
µ(u) f (u) if u 6= 0V

We will denote the image of this map by Kµ. Observe then that
given g ∈ [−1, 1]V we have that

g ∈ Kµ ↔ g(0V ) = 0 ∧ ∃f ∈ BX∗µ ∀u ∈ V f (u) = µ(u)g(u).
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Proof (sketch) that D2P is Gδ-complete in B

Let’s denote the isometry class of the spaces with the D2P as

D̂2P = {µ ∈ B : Xµ has the D2P}

Pn =
{

(µ,~g) ∈ B ×
(

[−1, 1]V
)n

: ∀ε > 0 ∀δ > 0∀u ∈ V
[
µ(u) > 1∨

∃i ∈ {1, · · · , n} gi 6∈ Kµ ∨ ∃v ,w ∈ V
(
µ(v − w) > 2− ε∧

µ(v), µ(w) < 1 ∧ ∀i ∈ {1, · · · , n}
[
|µ(u)gi (u)− µ(v)gi (v)| < δ ∧

|µ(u)gi (u)− µ(w)gi (w)| < δ
])]}

.
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Proof (sketch) that D2P is Gδ-complete in B

Recall:

• U(u; f1, · · · , fn; δ) = {x ∈ BX : |fi (u − x)| < δ}
• α→ β ≡ ¬α ∨ β
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Proof (sketch) that D2P is Gδ-complete in B

We have that

µ ∈ D̂2P↔ ∀n ∈ N ∀~g ∈
(

[−1, 1]V
)n

(µ,~g) ∈ Pn

The last formula is equivalent to

D̂2P =
∞⋂

n=1
πc

B(Pn)

where
πc

B(Pn) = (πB (Pc
n ))c
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In general, the set

K =
{

(µ, g) ∈ B × [−1, 1]V : g ∈ Kµ

}
is closed.
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Proof (sketch) that D2P is Gδ-complete in B

• UC∞ is dense in B.
• UC∞ ⊂ B \ D̂2P.
• B \ D̂2P is dense in B.
• In [CDDK22a] it is proven that the isometry class of the

Gurarĭı space is Gδ dense in B.
If D̂2P is Fσ in B, then B \ D̂2P is Gδ and dense. By Baire’s
theorem B \ D̂2P has to intersect the isometry class of the Gurarĭı
space, but this is a contradiction because the Gurarĭı space has de
D2P.
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D2P.

Esteban Martínez Vañó Universidad de GranadaDepartamento de Análisis Matemático
Descriptive complexity of diameter 2 properties



Proof (sketch) that D2P is Gδ-complete in B

• UC∞ is dense in B.
• UC∞ ⊂ B \ D̂2P.
• B \ D̂2P is dense in B.
• In [CDDK22a] it is proven that the isometry class of the
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Compendium of results

LD2P D2P SD2P
B Gδ-complete Gδ-complete Gδ-complete
P∞ Gδ-complete Fσδ Gδ-complete

DLD2P DD2P DP
B Gδ-complete Gδ-complete Gδ-complete
P∞ Gδ-complete Fσδ Gδ-complete

LOH WOH OH
B Gδ-complete Fσδ Gδ-complete
P∞ Gδ-complete Fσδ Gδ-complete
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Thank you!
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