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Numerical range and numerical radius

Numerical range (Bauer, Lumer, early 60’s)
X Banach space. The numerical range of T ∈ L(X) is

V (T ) := {x∗(Tx) : x ∈ SX , x∗ ∈ SX∗ , x∗(x) = 1}

• V (T ) is connected but not necessarily convex

• V (T ) contains the spectrum

• sup ReV (T ) = lim
α→0+

‖Id + αT‖ − 1
α

Numerical radius (Bauer, Lumer, early 60’s)
X Banach space. The numerical radius of T ∈ L(X) is

v(T ) := sup{|λ| : λ ∈ V (T )} = sup{|x∗(Tx)| : x ∈ SX , x∗ ∈ SX∗ , x∗(x) = 1}.

• v(·) is a seminorm on L(X) and v(T ) 6 ‖T‖ for every T ∈ L(X)
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Numerical index of a Banach space

Numerical index (Lumer, 1968)
X Banach space. The numerical index of X is

n(X) := max{k > 0: k‖T‖ 6 v(T ) ∀T ∈ L(X)} = inf{v(T ) : T ∈ SL(X)}

Some properties:

• 0 6 n(X) 6 1

• For λ ∈ (0, 1], n(X) > λ ⇐⇒ max
θ∈T
‖Id + θT‖ > 1 + λ‖T‖ for every T ∈ L(X)

• n(X) = 0 =⇒ v(·) is not a norm or v(·) is non-equivalent norm on L(X)

• n(X) > 0⇐⇒ v(·) is an equivalent norm on L(X)
⇐⇒ span{φ ∈ L(X)∗ : ‖φ‖ = φ(Id) = 1} = L(X)∗

=⇒ Id is a strongly extreme point of BL(X)

• n(X) = 1⇐⇒ max
θ∈T
‖Id + θT‖ = 1 + ‖T‖ for every T ∈ L(X)

⇐⇒ conv(T{φ ∈ L(X)∗ : ‖φ‖ = φ(Id) = 1}) = BL(X)∗
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Some examples

Examples:

• n(K) = 1

• H Hilbert space, dim(H) > 2
Then, n(H) = 0 in real case and n(H) = 1/2 in complex case

• n(C(K)) = n(L1(µ)) = 1 K compact Hausdorff, µ positive measure
n(c0) = n(`1) = n(`∞) = 1

(Duncan–McGregor–Pryce–White, 1970)

Open problem: Calculate n(`p) for 1 < p <∞, p 6= 2
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Some examples in R2

• Xn = (R2, ‖ · ‖n) such that

ext(BXn ) =
{(

cos
(
kπ

2n

)
, sin

(
kπ

2n

))
: k = 1, 2, . . . , 4n

}
.

Then, n(Xn) = tan
(
π

4n

)

= v

(
0 1
−1 0

)

(Martín–Merí, 2007)

• Xξ = (R2, ‖ · ‖ξ), where ξ ∈ [0, 1] and

‖(x, y)‖ξ = max
{
|x|, |y|, |x|+ |y|1 + ξ

}
Then,

n(Xξ) = max
{
ξ,

1− ξ
1 + ξ

}

= v

(
0 1
−1 0

)

(Martín–Merí, 2007)

• X = (R2, ‖ · ‖), ‖ · ‖ absolute and symmetric.

In “many cases”, n(X) = v

(
0 1
−1 0

)
(Merí–Q., 2021)
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Some examples in R2

• M = ({x, y, 0}, d) metric space with d(x, y) > d(x, 0) > d(y, 0). Then,
• n(F(M)) = 1 if M is aligned,

• n(F(M)) = max
{

d(x, 0)Gy(x, 0)
d(x, y)G0(x, y) + d(y, 0)Gx(y, 0) ,

d(x, 0)
d(x, y), d(y, z)

}
otherwise.

(Cobollo–Guirao–Montesinos, 2024)
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Numerical index of Lp spaces

For 1 < p <∞, q = p/(p− 1), `mp is the m-dimensional Lp-space,

Mp := max
t∈[0,1]

|tp−1 − t|
1 + tp

= v

(
0 1
−1 0

)

Some known results (Aksoy, Ed-dari, Khamsi, Martín, Merí, Popov...)

• The sequence
(
n(`mp )

)
m∈N

is decreasing.

• n
(
Lp(µ)

)
= n(`p) = inf{n(`mp ) : m ∈ N}

for every measure µ such that dim
(
Lp(µ)

)
=∞.

• In the real case, Mp

12 6 n(Lp(µ)) 6Mp.

• In the real case, max
{ 1

21/p ,
1

21/q

}
Mp 6 n(`2

p) 6Mp.

Question (real case): Let 1 < p <∞, p 6= 2

n(`2
p) = Mp = maxt∈[0,1]

|tp−1 − t|
1 + tp

= v

(
0 1
−1 0

)
?
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Recent results on numerical index of `2
p

Theorem (Merí–Q., 2021)
Let p ∈

[
3
2 , 3
]
. Then

n(`2
p) = Mp = max

t∈[0,1]

|tp−1 − t|
1 + tp

.

F [Monika–Zheng, 2022]: n(`2
p) = Mp for 1.4547 . p . 3.1993.

Theorem (Merí–Q., 2024)
Let p ∈

[
6
5 ,

3
2

]
∪ [3, 6]. Then

n(`2
p) = Mp = max

t∈[0,1]

|tp−1 − t|
1 + tp

.

Alicia Quero de la Rosa | Czech Technical University 11 / 21



Renorming, isomorphic and isometric consequences

Numerical index and renorming (Finet–Martín–Payá, 2003)
If X has a long biorthogonal system, then

{n(X, | · |) : | · | equivalent norm on X} ⊇
{

[0, 1) real case
[1/ e, 1) complex case

Isomorphic and isometric consequences
X Banach space with n(X) = 1.

• If X is real and dim(X) =∞, then `1 ↪→ X∗.
(Avilés–Kadets–Martín–Merí–Shepelska, 2010)

• If X∗ is smooth or strictly convex, then X = K.
(Kadets–Martín–Merí–Payá, 2009)

• If X is smooth and BX has strongly exposed points, then X = K.
(Martín–Merí–Q.–Roy–Sain, 2024)
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Numerical index with respect to an operator
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Extending the concept of numerical range

(Bonsall–Duncan, 1971)
X Banach space. Then, for every T ∈ L(X),

conv(V (T )) = {φ(T ) : φ ∈ L(X)∗, ‖φ‖ = φ(Id) = 1}

Consequently, v(T ) = max{|φ(T )| : φ ∈ L(X)∗, ‖φ‖ = φ(Id) = 1}

Intrinsic numerical range
X Banach space, T ∈ L(X)

Ṽ (T ) := {φ(T ) : φ ∈ L(X)∗, ‖φ‖ = φ(Id) = 1}.

F G ∈ L(X,Y ) with ‖G‖ = 1, T ∈ L(X,Y ), how do we define ṼG(T )?

Intrinsic numerical range with respect to G

X,Y Banach spaces, G ∈ L(X,Y ) with ‖G‖ = 1, T ∈ L(X,Y )

ṼG(T ) = {φ(T ) : φ ∈ L(X,Y )∗, ‖φ‖ = φ(G) = 1}
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Extending the concept of numerical range

X Banach space, T ∈ L(X),

V (T ) = {x∗(Tx) : x ∈ SX , x∗ ∈ SX∗ , x∗(Idx) = 1}

F First idea for a spatial version: {y∗(Tx) : y∗ ∈ SY ∗ , x ∈ SX , y∗(Gx) = 1}

Approximated spatial numerical range with respect to G (Ardalani, 2014)
X, Y Banach spaces, G ∈ L(X,Y ) with ‖G‖ = 1, T ∈ L(X,Y )

VG(T ) :=
⋂
δ>0

{y∗(Tx) : y∗ ∈ SY ∗ , x ∈ SX , Re y∗(Gx) > 1− δ}

Theorem (Martín, 2016)
X, Y Banach spaces, G ∈ L(X,Y ) with ‖G‖ = 1. Then,

conv(VG(T )) = ṼG(T ) for every T ∈ L(X,Y ).

Both concepts produce the same numerical radius!
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Numerical index with respect to an operator

Numerical radius with respect to G

X, Y Banach spaces, G ∈ L(X,Y ) with ‖G‖ = 1, T ∈ L(X,Y )

vG(T ) := sup{|λ| : λ ∈ VG(T )} = sup{|λ| : λ ∈ ṼG(T )}).

• vG(·) is a seminorm on L(X,Y ) and vG(T ) 6 ‖T‖ for every T ∈ L(X,Y ).
• vG(T ) = infδ>0 sup{|y∗(Tx)| : y∗ ∈ SY ∗ , x ∈ SX , Re y∗(Gx) > 1− δ}.

Numerical index with respect to G

X, Y Banach spaces, G ∈ L(X,Y ) with ‖G‖ = 1

nG(X,Y ) := inf{vG(T ) : T ∈ SL(X,Y )}.

Equivalently, nG(X,Y ) = max{k > 0: k‖T‖ 6 vG(T ) ∀T ∈ L(X,Y )}.

We recover the classical concepts (Ardalani, 2014)

VId(T ) = V (T ), vId(T ) = v(T ), nId(X,X) = n(X).
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Numerical index with respect to an operator and spear operators

Proposition
X, Y Banach spaces, G ∈ L(X,Y ) with ‖G‖ = 1, λ ∈ (0, 1]. TFAE:

1 nG(X,Y ) > λ.
2 maxθ∈T ‖G+ θT‖ > 1 + λ‖T‖ for every T ∈ L(X,Y ).

• If nG(X,Y ) > 0 =⇒ G is a strongly extreme point of BL(X,Y )

Spear operator (Ardalani, 2014)
X, Y Banach spaces, G ∈ L(X,Y ) with ‖G‖ = 1.

G spear operator def⇐⇒ max
θ∈T
‖G+ θT‖ = 1 + ‖T‖ for every T ∈ L(X,Y )

⇐⇒ vG(T ) = ‖T‖ for every T ∈ L(X,Y ).
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Spear operators

Examples of spear operators (Kadets–Martín–Merí–Pérez, 2018)

• The identity operator on C(K), L1(µ)...

• Inclusion A(D) ↪→ C(T).

• Fourier transform F : L1(R) −→ C0(R).

Isomorphic and isometric consequences (Kadets–Martín–Merí–Pérez, 2018)
X, Y Banach spaces, G ∈ L(X,Y ) spear operator.
• If X is real and dimG(X) =∞, then X∗ ⊃ `1.
• If X∗ is strictly convex or smooth, then X = K.
• If Y ∗ is strictly convex, then Y = K.
• If BX has strongly exposed points and Y is smooth, then Y = K

(Martín–Merí–Q.–Roy–Sain, 2024)
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Numerical index with respect to an operator. Set of values

X, Y Banach spaces

N (L(X,Y )) := {nG(X,Y ) : G ∈ L(X,Y ), ‖G‖ = 1}

X, Y Banach spaces, dim(X) > 2 or dim(Y ) > 2, then 0 ∈ N (L(X,Y )).

F N (L(K,K)) = {1}.

Theorem (Kadets–Martín–Merí–Pérez–Q., 2020)
X or Y Hilbert with dim > 2:
• Real case: N (L(X,Y )) = {0}. In particular, N (L(H)) = {0}.
• Complex case: N (L(X,Y )) ⊆ [0, 1/2].

H1, H2 complex Hilbert spaces with dim > 2:
• N (L(H1, H2)) = {0, 1/2} if H1 and H2 are isometrically isomorphic.
• N (L(H1, H2)) = {0} otherwise.
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Numerical index with respect to an operator. Set of values

Proposition (Kadets–Martín–Merí–Pérez–Q., 2020)

For 1 < p <∞, X, Y Banach spaces, Mp = supt∈[0,1]
|tp−1−t|

1+tp ,

N (L(X, `p)) ⊆ [0,Mp] and N (L(`p, Y )) ⊆ [0,Mp] (real case)

Proposition (Kadets–Martín–Merí–Pérez–Q., 2020)
N (L(C[0, 1], C[0, 1])) = {0, 1} (real case)

Proposition (Kadets–Martín–Merí–Pérez–Q., 2020)
µ1, µ2 σ-finite measures. If at least one of the spaces L∞(µi), i = 1, 2, has
dimension at least two, N (L(L∞(µ1), L∞(µ2))) = {0, 1} (real and complex case).

Propositon (Kadets–Martín–Merí–Pérez–Q., 2020)
µ1, µ2 σ-finite measures, N (L(L1(µ1), L1(µ2))) ⊆ {0, 1} (real and complex case).

F N (L(`1, L1[0, 1])) = {0}.
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Numerical index with respect to an operator. Set of values

(Duncan–McGregor–Pryce–White, 1970)
{n(X) : X complex Banach space} = [1/ e, 1]
{n(X) : X real Banach space} = [0, 1]

Question:

{nG(X,X) : X (real or complex) Banach space, G ∈ L(X), ‖G‖ = 1} = [0, 1]?

Theorem (Kadets–Martín–Merí–Pérez–Q., 2020)
There exist (real and complex) Banach spaces X such that N (L(X)) = [0, 1].
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