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Numerical range (Bauer, Lumer, early 60's)

X Banach space. The numerical range of T € L(X) is
V(T) :={z"(Tx): z € Sx, 2" € Sx=, 2" (z) = 1}

® V(T) is connected but not necessarily convex

® V(T) contains the spectrum
. | Id+aT| -1
lim ————

a—0t «

® supReV(T) =
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Numerical range and numerical radius

Numerical range (Bauer, Lumer, early 60's)

X Banach space. The numerical range of T € L(X) is
V(T) :={z"(Tx): z € Sx, 2" € Sx=, 2" (z) = 1}

® V(T) is connected but not necessarily convex

® V(T) contains the spectrum

* supReV(T) = lim I1d + o] — 1

a—0t «

Numerical radius (Bauer, Lumer, early 60’s)

X Banach space. The numerical radius of T € L(X) is

v(T) :=sup{|A\|: A € V(T)} = sup{|z"(Tz)|: z € Sx, " € Sx=, z"(z) = 1}.
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Numerical range and numerical radius

Numerical range (Bauer, Lumer, early 60's)

X Banach space. The numerical range of T € L(X) is
V(T) :={z"(Tx): z € Sx, 2" € Sx=, 2" (z) = 1}

® V(T) is connected but not necessarily convex

® V(T) contains the spectrum

* supReV(T) = lim I1d + o] — 1

a—0t «

Numerical radius (Bauer, Lumer, early 60’s)

X Banach space. The numerical radius of T € L(X) is

v(T) :=sup{|A\|: A € V(T)} = sup{|z"(Tz)|: z € Sx, " € Sx=, z"(z) = 1}.

® y() is a seminorm on L(X) and v(T") < ||T|| for every T € L(X)
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Numerical index (Lumer, 1968)

X Banach space. The numerical index of X is

n(X) :=max{k > 0: k||T|| < v(T) VT € L(X)} = inf{v(T): T € Se(x)}
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X Banach space. The numerical index of X is
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Numerical index of a Banach space

Numerical index (Lumer, 1968)

X Banach space. The numerical index of X is

n(X) :=max{k > 0: k||T|| < v(T) VT € L(X)} = inf{v(T): T € Se(x)}

Some properties:
e 0<n(X)<1

® For A€ (0,1], n(X) 2 A <= max IId + 6T|| > 1 4 A||T|| for every T' € L(X)
€

® n(X)=0 = wo(-) is not a norm or v(-) is non-equivalent norm on L£(X)

® n(X) >0 <= v(-) is an equivalent norm on £L(X)
<= span{¢ € L(X)": ||¢|| = ¢(Id) = 1} = L(X)~
= Id is a strongly extreme point of B, (x
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Numerical index (Lumer, 1968)

X Banach space. The numerical index of X is

n(X) :=max{k > 0: k||T|| < v(T) VT € L(X)} = inf{v(T): T € Se(x)}

Some properties:

e 0<n(X)<1

For A€ (0,1], n(X) > XA <— max IId + 6T|| > 1 4 A||T|| for every T' € L(X)
€

® n(X)=0 = wo(-) is not a norm or v(-) is non-equivalent norm on L£(X)

® n(X) >0 <= v(-) is an equivalent norm on £L(X)
<= span{¢ € L(X)": ||¢|| = ¢(Id) = 1} = L(X)~
= Id is a strongly extreme point of B, (x

° n(X)=1< max IId + 6T'|| = 1 4 ||T|| for every T € L(X)
€

= comv(T{¢ € L(X)": [|[¢]| = ¢(Id) = 1}) = Br(x)»
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Numerical index of a Banach space

Numerical index (Lumer, 1968)

X Banach space. The numerical index of X is

n(X) :=max{k > 0: k||T|| < v(T) VT € L(X)} = inf{v(T): T € Se(x)}

Some properties:
® X complex = n(X)>1/e (Bohnenblust—Karlin, 1955; Glickfeld, 1970)
® Set of values (Duncan—McGregor—Pryce-White, 1970)

{n(X): X complex Banach space} = [1/ e, 1]
{n(X): X real Banach space} = [0, 1]
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Numerical index of a Banach space

Numerical index (Lumer, 1968)

X Banach space. The numerical index of X is

n(X) :=max{k > 0: k||T|| < v(T) VT € L(X)} = inf{v(T): T € Se(x)}

Some properties:
® X complex = n(X)>1/e (Bohnenblust—Karlin, 1955; Glickfeld, 1970)
® Set of values (Duncan—McGregor—Pryce-White, 1970)

{n(X): X complex Banach space} = [1/ e, 1]
{n(X): X real Banach space} = [0, 1]

° n(X") < n(X)
and the inequality can be strict (Boyko—Kadets—Martin—Werner, 2007)
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Some examples

Examples:
e n(K)=1
e H Hilbert space, dim(H) > 2

Then, n(H) =0 in real case and n(H) = 1/2 in complex case

o n(C(K)) = n(Li(p))

=1
n(co) = n(f) = n(le) =1
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K compact Hausdorff, 1 positive measure

(Duncan—McGregor—Pryce-White, 1970)



Some examples

Examples:
e n(K)=1

e H Hilbert space, dim(H) > 2
Then, n(H) =0 in real case and n(H) = 1/2 in complex case

e n(C(K))=n(Li(u)) =1 K compact Hausdorff, p positive measure
n(co) =n(l) =nles) =1
(Duncan—McGregor—Pryce-White, 1970)

Open problem: Calculate n(¢,) for 1 < p < oo, p # 2
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Some examples in R?

o X, = (R? || ||») such that

ext(Bx, ) = {(cos (];—:;), sin (%)) k= 1,2,.‘.,4n}.

Then, n(X,) = tan (%) (Martin—Meri, 2007)
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Some examples in R?

o X, = (R? || - ||») such that

ext(Bx, ) = {(cos (];—:;), sin (%)) k= 1,2,..‘,4n}.

Then, n(X,) = tan (%) (Martin—Meri, 2007)

o X = (R? |- ll¢), where £ € [0, 1] and

_ 2]+ Iy
@)l = max{|w|, Il

Then, §

n(Xe) = max{ , 5}

1+¢

(Martin—Meri, 2007)
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Some examples in R?

o X, = (R? || - ||») such that

ext(Bx, ) = {(cos (];—:;), sin (%)) k= 1,2,..‘,4n}.

T 0 1 p .
Then, n(X,) = tan (R) =0 (_1 0> (Martin—Meri, 2007)

o X = (R? |- ll¢), where £ € [0, 1] and

x|+ |y
||<x,y)|5:max{|x|, 1, @}

Then, T
1-¢ 0 1
n(X¢) = max {{, m} =0 (1 0
(Martin—Meri, 2007)
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Some examples in R?

o X, = (R? | -|ln) such that

ext(Bx, ) = {(cos (%)’ sin (%)) k= 1,2,..‘,4n}.

™ 0 1 , .

Then, n(X,) = tan (E) =v (_1 0) (Martin—Meri, 2007)

o X = (R? |- llc), where £ € [0,1] and
_ =] + [yl
||<x,y)|5—max{|x|, ol N
Then, e 0 z
n(X¢) = max {{, 1+f} :v(_l 0
(Martin—Meri, 2007)

® X = (R% |-, || - || absolute and symmetric.

In “many cases”, n(X)=v (_01 (1)> (Meri-Q., 2021)
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Some examples in R?

e M = ({z,y,0},d) metric space with d(z,y) > d(z,0) > d(y,0). Then,
o n(F(M))=1if M is aligned,

o n(F(M)) = max{ d(z,0)G (,0) d(z,0) }

d(xv y)GO(CL‘7 y) + d(ya O)GT (ya 0) ’ d(l‘, y)? d(y7 Z)
otherwise.

"y

Mx,0

Mx,d

(Cobollo—Guirao—Montesinos, 2024)
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For 1 < p < oo, ¢g=p/(p—1), £, is the m-dimensional L,-space,
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Numerical index of L, spaces

For 1 < p < oo, ¢g=p/(p—1), £, is the m-dimensional L,-space,
[t~ — ¢ 0 1
M, = —_— =
PERRY 1+ U\-1 0

Some known results (Aksoy, Ed-dari, Khamsi, Martin, Meri, Popov...)

® The sequence (n(é;"))meN is decreasing.
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Numerical index of L, spaces

For 1 < p < oo, ¢g=p/(p—1), £, is the m-dimensional L,-space,

[t~ — ¢ 0 1
M, = —_— =
Py 1+ \=1 0

Some known results (Aksoy, Ed-dari, Khamsi, Martin, Meri, Popov...)
® The sequence (n(éL”))meN is decreasing.
° n(Lp(u)) =n(lp) = inf{n(¢y"): m € N}
for every measure p such that dim(Lp(u)) = oo.

® In the real case, 12 <n(Lp(p) < Mp.
1

1

[ ]
In the real case, max 21/p’ 9174

} M, < n(ly) < M.
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Numerical index of L, spaces

For 1 < p < oo, ¢g=p/(p—1), £, is the m-dimensional L,-space,
[t~ — ¢ 0 1
M, = —_— =
P oy 1+ U\-1 0

Some known results (Aksoy, Ed-dari, Khamsi, Martin, Meri, Popov...)

® The sequence (n(éL”))meN is decreasing.

o n(Lp(u)) =n(lp) = inf{n(¢y"): m € N}
for every measure p such that dim(Lp(,u)) = oo.
® In the real case, % <n(Lp(p)) < Mp.

1 1
® In the real case, max{m, W} M, < n(ly) < M.

Question (real case): Let 1 <p < oo, p # 2

[tP~1 — ¢ 0 1
n((?)) = Mp = maXte[o,u W =7 ?
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Recent results on numerical index of 672)

Theorem (Meri-Q., 2021)
Let p€ [3,3]. Then

Pt — ¢
£)=M, = -4
n(¢y) = max S

* [Monika-Zheng, 2022]: n({3) = M, for 1.4547 < p < 3.1993.

Theorem (Meri-Q., 2024)
Letp € [6 5] U [3,6]. Then

512

Pt ¢
£)=M, = -
n(t) tgl[% 14t
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Renorming, isomorphic and isometric consequences

Numerical index and renorming (Finet—Martin—Paya, 2003)
If X has a long biorthogonal system, then

[0,1) real case

{n(X,]-1]): || equivalent norm on X} D
[1/e,1) complex case
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Numerical index and renorming (Finet—Martin—Paya, 2003)
If X has a long biorthogonal system, then
[0,1) real case

{n(X,]-1]): || equivalent norm on X} D
[1/e,1) complex case

Isomorphic and isometric consequences
X Banach space with n(X) = 1.
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[0,1) real case
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Renorming, isomorphic and isometric consequences

Numerical index and renorming (Finet—Martin—Paya, 2003)
If X has a long biorthogonal system, then
[0,1) real case

{n(X,|-]): || equivalent norm on X} D
[1/e,1) complex case

Isomorphic and isometric consequences
X Banach space with n(X) = 1.

® If X is real and dim(X) = oo, then ¢; — X*.
(Avilés—Kadets—Martin—Meri-Shepelska, 2010)

® If X™ is smooth or strictly convex, then X =K.
(Kadets—Martin—Meri—Paya, 2009)
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Renorming, isomorphic and isometric consequences

Numerical index and renorming (Finet—Martin—Paya, 2003)
If X has a long biorthogonal system, then
[0,1) real case

{n(X,|-]): || equivalent norm on X} D
[1/e,1) complex case

Isomorphic and isometric consequences
X Banach space with n(X) = 1.

® If X is real and dim(X) = oo, then ¢; — X™.
(Avilés—Kadets—Martin—Meri-Shepelska, 2010)

® If X™ is smooth or strictly convex, then X =K.
(Kadets—Martin—Meri—Paya, 2009)

® If X is smooth and Bx has strongly exposed points, then X = K.
(Martin—Meri—Q.—Roy—Sain, 2024)
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Numerical index with respect to an operator
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Extending the concept of numerical range

(Bonsall-Duncan, 1971)
X Banach space. Then, for every T' € L(X),

conv(V(T)) ={s(T): ¢ € LX)", |I¢]l = ¢(1d) = 1}
Consequently, v(T') = max{|¢(T)|: ¢ € L(X)", [¢]| = ¢(Id) = 1}
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Extending the concept of numerical range

(Bonsall-Duncan, 1971)
X Banach space. Then, for every T' € L(X),

conv(V(T)) ={s(T): ¢ € LX)", |I¢]l = ¢(1d) = 1}
Consequently, v(T') = max{|¢(T)|: ¢ € L(X)", [¢]| = ¢(Id) = 1}

Intrinsic numerical range
X Banach space, T € L(X)

V(T) == {o(T): ¢ € L(X)", |6l = (1) = 1}.

* G € L(X,Y)with |G| =1, T € £L(X,Y), how do we define Vg (T)?
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Extending the concept of numerical range

(Bonsall-Duncan, 1971)
X Banach space. Then, for every T' € L(X),

conv(V(T)) ={s(T): ¢ € LX)", |I¢]l = ¢(1d) = 1}
Consequently, v(T') = max{|¢(T)|: ¢ € L(X)", [¢]| = ¢(Id) = 1}

Intrinsic numerical range
X Banach space, T € L(X)

V(T) == {e(T): ¢ € L(X)", ||l = $(1d) = 1}.

* G € L(X,Y)with |G| =1, T € £L(X,Y), how do we define Vg (T)?

Intrinsic numerical range with respect to G
X,Y Banach spaces, G € L(X,Y) with |G| =1, T € L(X,Y)

Va(T) = {o(T): ¢ € LIX,Y)", |[¢]| = ¢(G) = 1}
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Extending the concept of numerical range

X Banach space, T € L(X),

V(T)={z"(Tz): * € Sx, 2" € Sx», 2" (Idz) = 1}
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Extending the concept of numerical range

X Banach space, T € L(X),
V(T)={z"(Tz): * € Sx, 2" € Sx», 2" (Idz) = 1}

% First idea for a spatial version: {y"(Tz): y* € Sy«, z € Sx, y"(Gz) =1}
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Extending the concept of numerical range

X Banach space, T € L(X),
V(T)={z"(Tz): * € Sx, 2" € Sx», 2" (Idz) = 1}

% First idea for a spatial version: {y"(Tz): y* € Sy«, z € Sx, y"(Gz) =1}

Approximated spatial numerical range with respect to G (Ardalani, 2014)
X, Y Banach spaces, G € L(X,Y) with |G| =1, T € L(X,Y)

Vo(T) = () {y"(Tz): y* € Sy, v € Sx, Rey*(Gx) > 1 — 6}
6>0
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Extending the concept of numerical range

X Banach space, T € L(X),
V(T)={z"(Tz): * € Sx, 2" € Sx», 2" (Idz) = 1}

% First idea for a spatial version: {y"(Tz): y* € Sy«, z € Sx, y"(Gz) =1}

Approximated spatial numerical range with respect to G (Ardalani, 2014)
X, Y Banach spaces, G € L(X,Y) with |G| =1, T € L(X,Y)

Vo(T) = () {y"(Tz): y* € Sy, v € Sx, Rey*(Gx) > 1 — 6}
6>0

Theorem (Martin, 2016)
X, Y Banach spaces, G € L(X,Y) with ||G|| = 1. Then,

conv(Vg(T)) = Ve (T) for every T € L(X,Y).
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Extending the concept of numerical range

X Banach space, T € L(X),
V(T)={2"(Tz): v € Sx, 2" € Sx~, " (Idz) = 1}

% First idea for a spatial version: {y"(Tz): y* € Sy«, z € Sx, y"(Gz) =1}

Approximated spatial numerical range with respect to G (Ardalani, 2014)
X, Y Banach spaces, G € L(X,Y) with |G| =1, T € L(X,Y)

Vo(T) = () {y"(Tz): y* € Sy, v € Sx, Rey*(Gx) > 1 — 6}
6>0

Theorem (Martin, 2016)
X, Y Banach spaces, G € L(X,Y) with ||G|| = 1. Then,

conv(Vg(T)) = Ve (T) for every T € L(X,Y).

Both concepts produce the same numerical radius!
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Numerical index with respect to an operator

Numerical radius with respect to G
X, Y Banach spaces, G € L(X,Y) with |G| =1, T € L(X,Y)

va(T) == sup{|A|: A € Va(T)} = sup{|A|: A € Va(T)}).
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Numerical index with respect to an operator

Numerical radius with respect to G
X, Y Banach spaces, G € L(X,Y) with |G| =1, T € L(X,Y)

va(T) == sup{|A|: A € Va(T)} = sup{|A|: A € Va(T)}).

® vg(+) is a seminorm on £(X,Y) and va(T) < ||T]| for every T € L(X,Y).
® v (T) = infssosup{|ly*(Tz)|: y* € Sy=, € Sx, Rey*(Gz) > 1 —d}.
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Numerical index with respect to an operator

Numerical radius with respect to G
X, Y Banach spaces, G € L(X,Y) with |G| =1, T € L(X,Y)

va(T) == sup{|A|: A € Va(T)} = sup{|A|: A € Va(T)}).

® vg(+) is a seminorm on £(X,Y) and va(T) < ||T]| for every T € L(X,Y).
® v (T) = infssosup{|ly*(Tz)|: y* € Sy=, € Sx, Rey*(Gz) > 1 —d}.

Numerical index with respect to G
X, Y Banach spaces, G € L(X,Y) with |G| =1

’I‘LG(X, Y) = inf{vG(T): Te SC(ny)}.

Equivalently, ng(X,Y) = max{k > 0: k||T|| < va(T) VT € L(X,Y)}.
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Numerical index with respect to an operator

Numerical radius with respect to G
X, Y Banach spaces, G € L(X,Y) with |G| =1, T € L(X,Y)

va(T) == sup{|A|: A € Va(T)} = sup{|A|: A € Va(T)}).

® vg(+) is a seminorm on £(X,Y) and va(T) < ||T]| for every T € L(X,Y).
® v (T) = infssosup{|ly*(Tz)|: y* € Sy=, € Sx, Rey*(Gz) > 1 —d}.

Numerical index with respect to G
X, Y Banach spaces, G € L(X,Y) with |G| =1

’I‘LG(X, Y) = inf{vG(T): Te SC(ny)}.

Equivalently, ng(X,Y) = max{k > 0: k||T|| < va(T) VT € L(X,Y)}.

We recover the classical concepts (Ardalani, 2014)

Via(T) = V(T), via(T) = v(T), nia (X, X) = n(X).
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Numerical index with respect to an operator and spear operators

Proposition

X, Y Banach spaces, G € L(X,Y) with |G| =1, A € (0,1]. TFAE:
o ne(X,Y) > A
® maxger |G+ 0T = 1+ \||T|| for every T € L(X,Y).
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X, Y Banach spaces, G € L(X,Y) with |G| =1, A € (0,1]. TFAE:
o ne(X,Y) > A
® maxger |G+ 0T = 1+ \||T|| for every T € L(X,Y).

® If ng(X,Y) > 0= G is a strongly extreme point of Bz (x y)
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Numerical index with respect to an operator and spear operators

Proposition

X, Y Banach spaces, G € L(X,Y) with |G| =1, A € (0,1]. TFAE:
® ng(X,Y) >\
® maxger |G+ 0T = 1+ \||T|| for every T € L(X,Y).

® If ng(X,Y) > 0= G is a strongly extreme point of Bz (x y)

Spear operator (Ardalani, 2014)
X, Y Banach spaces, G € L(X,Y) with |G| = 1.

G spear operator LN max |G+ 0T =1+ ||T|| for every T € L(X,Y)
€

< va(T) = ||T|| for every T € L(X,Y).
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Spear operators

Examples of spear operators (Kadets—Martin—Meri—Pérez, 2018)

e The identity operator on C(K), L1(p)...
e Inclusion A(D) — C(T).

e Fourier transform F: L1 (R) — Co(R).
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Spear operators

Examples of spear operators (Kadets—Martin—Meri—Pérez, 2018)

e The identity operator on C(K), L1(p)...
e Inclusion A(D) — C(T).

e Fourier transform F: L1 (R) — Co(R).

Isomorphic and isometric consequences (Kadets—Martin—Meri-Pérez, 2018)
X, Y Banach spaces, G € L(X,Y) spear operator.
® If X is real and dim G(X) = oo, then X™ D ¢;.

® |f X™ is strictly convex or smooth, then X =K.
® If Y™ is strictly convex, then Y = K.

® If Bx has strongly exposed points and Y is smooth, then Y = K
(Martin—Meri-Q.—Roy—Sain, 2024)
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Numerical index with respect to an operator. Set of values

X, Y Banach spaces
N(L(X,Y)):={ne(X,Y): G e L(X,Y), |G| =1}

Alicia Quero de la Rosa  Czech Technical University



Numerical index with respect to an operator. Set of values

X, Y Banach spaces
N(L(X,Y)):={ne(X,Y): G e L(X,Y), |G| =1}

X, Y Banach spaces, dim(X) > 2 or dim(Y) > 2, then 0 € N (L(X,Y)).
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X, Y Banach spaces
N(L(X,Y)):={ne(X,Y): G e L(X,Y), |G| =1}

X, Y Banach spaces, dim(X) > 2 or dim(Y) > 2, then 0 € N (L(X,Y)).
* N(L(K,K)) = {1}.
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Numerical index with respect to an operator. Set of values

X, Y Banach spaces
N(L(X,Y)):={ne(X,Y): G e L(X,Y), |G| =1}

X, Y Banach spaces, dim(X) > 2 or dim(Y) > 2, then 0 € N (L(X,Y)).
* N(L(K,K)) = {1}.

Theorem (Kadets—Martin—-Meri—Pérez—Q., 2020)
X or Y Hilbert with dim > 2:
® Real case: N(L(X,Y)) = {0}. In particular, N(L(H)) = {0}.
® Complex case: N(L(X,Y)) C [0,1/2].
H,, Hy complex Hilbert spaces with dim > 2:
e N(L(H1,H2)) ={0,1/2} if Hi and H, are isometrically isomorphic.
* N(L(H1, H2)) = {0} otherwise.
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Numerical index with respect to an operator. Set of values

Proposition (Kadets—Martin—Meri-Pérez—-Q., 2020)
For 1 < p < oo, X, Y Banach spaces, M}, = sup,¢[o,1] W;%

N(L(X, L)) C [0, My] and N(L(¢p,Y)) C [0, Mp) (real case)
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Numerical index with respect to an operator. Set of values

Proposition (Kadets—Martin—Meri-Pérez—-Q., 2020)
For 1 < p < oo, X, Y Banach spaces, M}, = sup,¢[o,1] “:L%

N(L(X, L)) C [0, My] and N(L(¢p,Y)) C [0, Mp) (real case)

Proposition (Kadets—Martin—Meri-Pérez—Q., 2020)
N(L(C0,1],C10,1])) = {0,1} (real case)
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Numerical index with respect to an operator. Set of values

Proposition (Kadets—Martin—Meri-Pérez—-Q., 2020)

-1
For 1 < p < oo, X, Y Banach spaces, M}, = sup,¢[o,1] |t”1+7t;t\

N(L(X, L)) C [0, My] and N(L(¢p,Y)) C [0, Mp) (real case)

Proposition (Kadets—Martin—Meri-Pérez—Q., 2020)
N(L(C[0,1],C[0,1])) = {0,1} (real case)

Proposition (Kadets—Martin—Meri-Pérez—Q., 2020)

1, 2 o-finite measures. If at least one of the spaces Loo(p:), ¢ = 1,2, has
dimension at least two, N (£(Loo (1), Loo(p2))) = {0,1} (real and complex case).
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Numerical index with respect to an operator. Set of values

Proposition (Kadets—Martin—Meri-Pérez—-Q., 2020)

-1
For 1 < p < oo, X, Y Banach spaces, M}, = sup,¢[o,1] |t”1+7t;t\

N(L(X, L)) C [0, My] and N(L(¢p,Y)) C [0, Mp) (real case)

Proposition (Kadets—Martin—Meri-Pérez—Q., 2020)
N(L(C]0,1],C[0,1])) = {0,1} (real case)

Proposition (Kadets—Martin—Meri-Pérez—Q., 2020)

1, 2 o-finite measures. If at least one of the spaces Loo(p:), ¢ = 1,2, has
dimension at least two, N (£(Loo (1), Loo(p2))) = {0,1} (real and complex case).

Propositon (Kadets—Martin—-Meri—Pérez—Q., 2020)
w1, p2 o-finite measures, N'(L(L1(p1), L1(pz2))) C {0,1} (real and complex case).
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Numerical index with respect to an operator. Set of values

Proposition (Kadets—Martin—Meri-Pérez—-Q., 2020)
For 1 < p < oo, X, Y Banach spaces, M}, = sup,¢[o,1] W;%

N(L(X, L)) C [0, My] and N(L(¢p,Y)) C [0, Mp) (real case)

Proposition (Kadets—Martin—Meri-Pérez—Q., 2020)
N(L(C]0,1],C[0,1])) = {0,1} (real case)

Proposition (Kadets—Martin—Meri-Pérez—Q., 2020)

1, 2 o-finite measures. If at least one of the spaces Loo(p:), ¢ = 1,2, has
dimension at least two, N (£(Loo (1), Loo(p2))) = {0,1} (real and complex case).

Propositon (Kadets—Martin—-Meri—Pérez—Q., 2020)
w1, p2 o-finite measures, N'(L(L1(p1), L1(pz2))) C {0,1} (real and complex case).

* N(L(¢1, L1]0,1])) = {0}.
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Numerical index with respect to an operator. Set of values

(Duncan—McGregor—Pryce—White, 1970)
{n(X): X complex Banach space} = [1/e, 1]
{n(X): X real Banach space} = [0, 1]
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Numerical index with respect to an operator. Set of values

(Duncan—McGregor—Pryce—White, 1970)
{n(X): X complex Banach space} = [1/e, 1]
{n(X): X real Banach space} = [0, 1]

Question:

{na(X, X): X (real or complex) Banach space, G € L(X), |G| =1} =[0,1]?
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Numerical index with respect to an operator. Set of values

(Duncan—McGregor—Pryce—White, 1970)
{n(X): X complex Banach space} = [1/e, 1]
{n(X): X real Banach space} = [0, 1]

Question:

{na(X, X): X (real or complex) Banach space, G € L(X), |G| =1} =[0,1]?

Theorem (Kadets—Martin—Meri—Pérez—Q., 2020)
There exist (real and complex) Banach spaces X such that N'(L(X)) = [0, 1].
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